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Some time after the publication of an Octnvo Edition of Euclid'a 

Elements with Geometrical Exercises, &c., designed for the uae of 

[ Academical Students; at the request of some aohoolmaaters of emi- 

•,e, a duodecimo Edltjon of the Six Books was put forth on tha 

e plan for the use of Schools. Soon ailer its appearance, Pro- 

)r Christie, the Secretary of the Hoyal Society, in the Preface to 

I his Treatise on Descriptive Geometry for the use of the Royal Military 

I Academy, was pleased 1o notice these works in the following terms : — 

[ "When the greater Portion of this Part of the Course was printed, 

I and had for some time been in use in the Academy, a new Edition of 

I Euclid's Elements, by Mr. Eobert Potts, M.A., of Trinity College, 

I Cambridge, which ia likely to supersede most others, to the extent, at 

I least, of the Sis Sooks, was published. From the manner of arrang- 

t log the Demonstrations, this edition has the adrantages of the 

I symbolical form, and it is at the same time ftee from the manifold 

, objeotiona to which that form is open. The duodecimo edition of this 

' "Work, comprising only the first Six Books of Euclid, with Deductions 

from them, having been introduced at this Institution as a text-book, 

now renders any other Treatise on Plane Geometry unnecessary in 

ur course of Mathematics." 

For the rery favourable reception which both Editions have met 

with, the Editor's grateful acknowledgements are due. It has been his 

dcaire in putting forth a revised Edition of the School Euclid, to render 

the work in some degree more worthy of the favour which the former 

editions have received. In the present Edition several errors and 

ights have been corrected and some additions made to the notes : 

the questions on each hook have been considerably augmented and a 

better arrangement of the Geometrical Exercises has been attempted; 

and lastly, some hints and remarks on them have been given to assist 

the learner. The additions made to the present Edition amount to 

lore than fifty pagen, and, it is hoped, that they will render the work 

lore useful to the learner. 

And here an occasion may be taken to quote the opinions of some 

I able men respecting the use and importance of the Mathematical 

I Sciences. 

On the subject of Education in its most extensive sense, an ancient 
I rrriter "directs the aspirant after excellence lo commence with the 
I Boience of Moral Culture; to proceed next to Logic; neittn WaS!oa- 

i; next to Physics; and Vnst\-j, to Taeo\o^r NsiM&-*a_^'^ 
I on Education would place Mat^iema^cs ^jftloxt 'V»^'i> "f^"^..,,^ 
^-arisj "aeema the prefetaWe coiM«t 5m Vj ^iwi^^a^-'**^ , 



former, the mind becomes stored with distinetiona ; Ihe faculties of 
eonstanc} and firmness are established; and its rule is always to 
tingtuah between cavilling and investigation— between close reaioning 
and croes reamning t far the contrary of all which habits, those arc 
the most part noted, who apply themselves to Logic without studying 
in some department of Mathemettcs j taking noise and wrangling for 
proficiency, and thinking refutation accomplished by the instancing 
of a doubt. This will explain the inscription placed by Plato over 
door of his house: 'Whoso knows not Geometry, let him not enter 
here.' On the precedence of Moral Culture, however, to all the other 
Sciences, the acknowledgement is general, and the agreement enti 
The same writer recommends the study of the Mathematics, for the 
ture of "compound ignorance." " Of this," be proceeds to say, " the 
essence is opinion not agreeable to fact; and it necessarily involves 
another opinion, namely, that we aj'e already possessed of knowledge. 
So that besides not knowing, we know not thit we know not ; and 
hence its designation of compound ignorance. In like manner, as of 
many chronic complaints and eatitblished maladies, no cure can be 
effected by physicians of the body ; of this, no cure can be efTected by 
physicians of the mind ; for with a pre-supposal of knowledge in our 
own regard, the pursuit and acquirement of further knowledge is not 
to be looked for. The approximate cure, and one from which in the 
main much benefit may be anticipated, is to engage the patient in the 
study of measures (Geometry, computation, &c.); for in such pursuits 
the true and the false are separated by Ihe clearest interval, and no 
room u left for the intrusions of fancy. From these the mind may 
discover the delight of certainty ; and when, on returning to his own 
opinions, it finds in them no such sort of repose and gratification, it 
may discover their erroneous character, its ignorance may become 
■imple, and a capacity for the acquirement of truth and virtue bft 
obtained." 

Lord Bacon, the founder of Inductive Philosophy, was not insen- 
sible of the hi;jh importance of the Mathematical Sciences, as appears 
in the following passage from his work on " The Advancement of 
Xeaming." 

" The Mathematics are either pure or mised. To the pure Mathe- 
matics are those sciences belonging which handle quantity determinate, 
merely severed from any axioms of natural philosophy; and these are 
ttro, Geometry, and Arithmetic; the one handling quantity continued, 
mnd Ihe other (J/ssevered. Mixed hath for subject some axioms or 
*"* of natural philosophy, and considereth i\uaTk\\*.'^ 4e\etifivnc4,aav'i. 
i»iutiliary and incident unto them. Pot man^ -pat^a 0*1 aaV-Juft ■»» 



, neither be invented with sufficient subtlety, nor demonalrated with 
dent perspicuity, nor accommodated unto use with sufficient 
J dexterity, without the aid and intervening of the. Mathematics : of 
f which sort are perspectivi?, muflic, astronomy, cosmography, archi- 
tecture, enginery, and divers others. 

"In the Mathematics I can report no deficience, except it be that, 
n do not sufficiently understand the excellent use of the pure 
Mathematics, in that they do remedy and ciu'e many defects in the 
it and faculties intellectual. For, if the wit be duil, they sharpen it ; 
if too wandering, they fix it; if too inherent in the sense, they abstract 
it. So that as tennis is a game of no use in itself, but of great use in 
lespeot that it maketh a quick eye, and a body ready to put itself ioto 
•11 posturesi so in the Mathematics, that use which is collateral and 
intervenient, is no less worthy than that which ia princijinl and 
intended. And as for the mised Mathematics, 1 may only make thia 
prediction, that there cannot fail to be more kinds of them, as natuie 
grows further disclosed." 

How truly has this prediction been fulfilled in the Bubseqnent 
advancement of the Mixed Sciences, and in the applications of the 
pure Mathematics to Natural Philosophy! 

Dr. Whewell, in his " Thoughts on the Study of Mathematics," 
has maintained, that mathematical studies judiciously pursued, form 
one of the most effective means of developing and cultivating the 
in : and that " the object of a liberil education is to develope the 
vbole mental system of man; — to make bis speculative inferences 
Boincide with his practical convictions ; — to enable him to render a 
leason for the belief that is in him, and not to leave him in the con- 
dition of Solomon's sluggard, who is wiser in his own conceit than 
levcn men that can render a reason." And in his more recent work 
entitled, "Of a Liberal Education, &c." he has more fully shewn the 
importance of Geometry as one of the most effectual instruments 
of intellectual education. In page 33 he thus proceeds: — "But 
besides the value of Mathematical Studies in Education, as a perfect 
mple and complete exercise of demonstrative reasoning ; Mathe- 
matical Truths have this additional recommendation, that they have 
always been referred to, by each successive generation of thoughtful 
■nd cultivated men, as examples of truth and of demonstration ; and 
bave thus become standard points of reference, among cultivated men, 
whenever they speak of truth, knowledge, or proof. Thus Mathe- 
lalics has not only a disciplinal but an Via^nwi^ii '■«&««*.. "^Na!.-*. \ 
Kuliarly the case with those port\oiia ot'^\ii.'Ctiema.'Cic.*-N^»'^_""^^^^ 
^niioned. We find geometrical ■pwA *i4wea.W"ii»ii»'»-'^^^ 



nature of reasoning, in the earliest tpeculations on this subject, the 
Dialogues of Plato ; we find geometrical proof one of the main sub- 
jects of discussion in some of the most recent of sueh speculation*, aa 
Ihoae of Dugald Stewart and his contemporaries. The recollection 
of the truths of Elementary Geometry has, in all ages, given a meaning 
and a reality to the best attempts to eiplain man's power of orriying 
at truth. Other branches of Mathemalica have, in like manner, 
become recognized examples, among educated men, of man's powcn 
of attaining truth." 

Dr. Pemberton, In the preface to his view of Sir Isaac NewtonV 
DiscoTeries, makes mention of the circumstance, "that Newton used 
to apeak with regret of his mistake, at the beginning of his Mathe- 
matical Studies, in having applied himself to the works of JJescartes 
and other Algebraical writers, before he had considered the Elements 
of Euclid with the attention they deserve." 

To these we may subjoin the opinion of Mr. John Stuart Mill, 
■which he has recorded in his invaluable System of Logic, (Vol. n. 
p. ISO) in the following terms. "The value of Mathematical instruc- 
tion as a preparation for those mora difficult investigations (physiology, 
society, government, &c.) consists in the applicabiUty not of its doc- 
trines, but of its method. Mathematics wiD ever remain the most 
perfect type of the Deductive Method in general ; and the applications 
of Mathematics to the simpler branches of physics, furnish the only 
school in which philosophers can effectually learn the most difficult 
and important portion of their art, the employment of the laws of 
simpler phenomena for explaining and predicting those of the mora 
complex. These grounds are quite sufficient for deeming mathemati- 
cal training an indispensable basis of real scientific education, and 
regarding, with Plato, one who is dyou'TpiiTO!, as wanting in one of 
the most essential qualifications for the successful cultivation of the 
higher branches of philosophy." 

In addition to these authorities it may be remarked, that the new 
Regulations which were confirmed by a Grace of the Senate on the 
11th of May, 1846, assign to Geometry and to Geometrical methods, 
a more important place in the Examinations both for Honors and 
for the Ordinary Degree in this University. 

Tkinitt College, B.P, 

March 1, 1860. 

The siipp]emen\ to the School Euclid {about forty-eight pages) haa 
j'ncorpnrated with this impression, of tiie Eiflh Edition. 
TiUyiTY COLLEOE, 
Oeegjer. 161 



EUCLID'S 

ELEMENTS OP GEOMETRY. 



BOOK L 

DEFINITIONS. 



I. 

A POINT is that which has no parts, or which has no magnitude. 

n. 

A line is length without breadth. 

m. 

The extremities of a line are points. 

IV. 

A straight line is that which lies evenly between its extreme points. 

V. 
A superficies is that which has only length and breadth. 

VI. 

The extremities of a superficies are lines. 

vn. 

A plane superficies is that in which any ♦wo pomts being taken, the* 
straight line between them lies whoUy in that superficies. 

vm. 

A plane angle is the inclination of two lines to each other in a 
plane, which meet together, but are not in the same direction. 

IX. 

A plane rectilineal angle is the inclination of two straight lines to 
one another, which meet together, but are not in the same straight line. 
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EUCLID 8 ELEMENTS. 



K.B. If there be only one angle at a point, it may be expressed by 
a letter placed at that point, as the angle at E : but when several angles 
are at one point B, either of them is expressed hj three letters, of which 
the letter that is at the vertex of the angle, that is, at the point in which 
the straight lines that contain the angle meet one another, is put between 
the other two letters, and one of these two is somewhere upon one of 
these straight lines, and the other upon the other line. Thus the angle 
which is contained by the straight lines AB, CB, is named tiie angle 
^ ABCf or CBA ; that which is contained by AB, DB, is named the angle 
ABD, or DBA ; and that which is contained by DB, CB, is called the 
angle DBC, or CBD, 



X. 



When a straight line standing on another straight line, makes the 
adjacent angles e(mal to one another, each of these angles is called a 
right angle ; and the straight line which stands on the other is called 
a perpendicular to it. 



XL 
An obtuse angle is that which is greater than a right angle. 



xn. 

An acute angle is that which is less than a right angle. 



XTTL 
A term or boundary Is the extremity of any thing. 



XIV. 
A figure ia that wnich is enclosed \)7 one ox xnoTe\iov«A».T\ft^, 



IXBFINITIOKS. 



XV. 

A drcle is a plane figure contained by one line, which is called the 
circumference, and is such that all straight lines drawn firom a certain 
point within the figure to the circumference, are equal to one another. 




XVL 

And this point is called the center of the circle. 

xvn. 

A diameter of a circle is a straight line drawn through the center, 
and terminated both ways by the circumference. 




xvm. 

A semicircle is the figure contained by a diameter and the part of 
the circumference cut on by the diameter. 




XIX. 

The center of a semicircle is the same with that of the circle. 

XX. 

Hectilineal figures are those which are contained by straight Hnes. 

XXL 
Trilateral figures, or triangles, by three straight lines. 

Quadrilateral, by four straight lines. 

xxni. 

Multilateral figures, or poly gona, \>^ mot^ ^-asv Vsva 1J^a^^gp^•^^^'^' 



Euclid's elements. 



XXIV. 



Of three-sided figures, an equilateral tiiangle is that which has 
three equal sides. 




XXV. 

An isosceles triangle is that which has two sides equal. 




XXVT. 

A scalene triangle is that which has three unequal sides. 




xxvn. 

A right-angled triangle is that which has a right angle. 




xxvm. 

An obtuse-angled triangle is that which has an obtuse angle. 




XXIX. 

Aik acute-angled triangle is that which has three acute angles. 




XXX. 

Of quadrilateral or four-sided figures, a square has all its sides equal 
and all its aogles right angles. 



DEFINITIONS. S" 

An oblong is that which has all its angles right angles, but has not 
all its sides equal. 



xxxn. 

A rhombus has all its sides equal, but its angles are not nght angles. 



/ 



xxxm. 

A rhomboid has its opposite sides equal to each other, but all its 
sides are not equal, nor its angles right angles. 



a 



XXXIV. 

All other four-sided figures besides these, are called Traperiumt'. 

XXXV. 

Parallel straight lines are such as are in the same plane, and which 
being produced ever so far both ways, do not meet. 



A. 

A parallelogram is a four-sided figure, of which the opposite sides 
are parallel : and the diameter, of me diagonal is the straight line 
joinmg two of its opposite angles. 



POSTULATES. 

I. 

Let it be granted that a straight line may be drawn from any one 
point to any other point. 

n. 

That a terminated straight line may be produced to any length in 
a straight line. 

in. 

And tiat a circle may be de8cxi\)ed iiom wx:^ ^«D\«t^^«K?^ ^si^yssss^ 
&om that center. 



9 BUCLID*S ELBUBNTS. 

AXIOMS. 

* • t 

I. 
Things which are equal to the same thing are equal to one another. 

n. 

If equals be added to equals, the wholes are equal. 

m. 

If equals be taken from equals, the remainders are equaL 

IV. 
If equals be added to unequals, the wholes are unequal. 

v. 

If equals be taken from unequals, the remainders are unequaL 

VI. 
Things which are double of the same, are equal to one another. 

vn. 

Things which are halves of the same, are equal to. one another. 

VUL 

Magnitudes which coincide with one another, that is, which exactly 
fill the same space, ture equal to one another. 

IX. 

The whole is greater than its part. 

X. 

Two straight lines cannot enclose a space. 

XL 
All right angles are equal to one anothw. 

xn. 



If a straight line meets two straight' lines, so as to make the two 
interior an^es on the same side of it taken together 
th 

two right angles. 



angles on the same side of it taken together less than twa 

__„ gles ; these straight lines being continually produced, shall at 

l^igth meet upon that side on which are the angles which are less than 
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BOOK I. PROF, I, II. 

PROPOSITION 1,. PROBLEM. 

7*11 deicribe art equilateral triangla upon a givmjlniu itraighl lint. 

Let AB be the given straight line. 

It is required to describe an equilateral Inangle upon AB. 



(m 



nm the center A, at the distance AS, describe tbe circle BCD ; 

(pOBt. 3.) 

from the center B, at (he distance BA, deEcribe the circle A CE ; 

and from C, one of the points in which the circleB cut one another, 

draw (he straight lines CA, CB to the poinla A, B. (post. 1.) 

Then ABC shall be an equikt«ral triangle. 

Because the point A ia the center of the circle BCD, 

thercfore^Cis equal to j^Bj (def. 15.) 

end because the point B is tbe center of the circle A CE, 

therefore B C ia equal to AB; 

but it has been proved that .^Cis equal to ^B; 

therefore AC, BC are each of them equal to AB; 

but tilings nhich are equal to the same thing- are equal tc 

therefore ACii equal to BC; (ax. 1.) 

wherefore AB, ItC, CA are equal to one another : 

and tht triangle ABCia therefore equilateral, 
and it ia described upon the given straight line AB, 
Which was required U> be done. 

PROPOSITION II. PROBLEM. 

From a piont point, to draw a straight line equal to a jiem tiraigfd Uni 

Let^ be the given point, and BG the given straight line. 
It u required to draw from the point A, a straight line equal to B 







Ftom the point Ato B draw the straight line A B ; (post 1.) 

upon AB describe the equilaleral triangle ABI), (l. I.) 

and produce the straight lines DA, DB to E and F; (post. 2.) 

I from the center B, at the distance BC, describe the circle CGS. 

(post. 3.) cutting DFin the point G: 

■ firam the center A at the diaiatice DG, aeacrCoft 'ia'itMfi-a '3'Ki* 



I EUCLID S ELKMENTg. 

Then the straight Una AL shall be equal to SC. 

Because the point B is the center of the circle CGH, 

therefore BCia equal to BG; (def. 15.) 

aud because D ia tlie center of the circle QKL, 

therefore DL m equal to DO, 

and DA, DB parts of them are equal; (l. IJ 

therefore the remainder AL is equal to the remainder BO\ (a*. 3.) 

but it has been abewn that BC ia equal to BQ, 

wherefore AL and BCate each of them equal to BO; 

and tbinga that are equal to the same thing are equal to one another ; 

therefore the atraigbt line AL is egual to BC. (ax. 1.) 

Wherefore from the given point A, aatraight line AL has been drawn 

equal to the given Btraight line BG Which was to be done. 

PROPOSITION III. PROBLEM. 
From thegrsaler oftao given ttraighl lines to cut off a part tjtial to the Usi 

Let AB and C be the two given straight lines, of which AB \& the 
greater. 
It is required to cut off from^^ the greater, apart equal to C, the less. 



(post 3.) cutting AB in the point E. 

, Then AE shall he equal to C. 

Because A is the center of the circle DEF, 

therefore ^j& is equal to .^Zl; (def, lo.) 

but the atraight line C is equal to Aii \ (constr.) 

whence AEanA Pare each of them equal to -^fl; 

wherefore lie straight line AE is equal to C. (ax. 1.) 

And therefore from ^£ the greater of two straight lines, apart ^B 

has been out olf equal to C, the lesE. Which waa to be done. 

PROPOSITION IV. THEOREM. 
If two iriangUt have two tides of the one eqaal to two aides of the olhsr, 
*joft to each, and Aoco likeieiia lite anglet oontainerl by those sidea equal to 
each other i they ahall likewise haee their bases or third sides ejua/, and 
the tteo Irianylea shall be eqiial, and their other angles shall 6e eguo/, each 
to each, nu. thnie to idAicA the equal sidea are opposite. 

Let ABC, DEF be two trianslea, which have the two sides AB. 
A equal to the two aides DE, DF, euch to each, viz. j1 S to DE, and 
^Oto J)^, and the included angle BAG equal to the included angh 



BOOK 1. PROP. IT, V. 9 

Then ahall the base BChe eoual to the base EF; and the triangle 
I ABC to the triangle DBF; and the other anglea to which the eqiial 
1 Bides are opposite shall he equal, each to each, viz. the angle ASC to 
[ the angle i)EF, and the angle ACS to the angle DF£. 



h h 



For, if the triangle ABCbe applied to the triangle SEF, 

o that the point A may be on D, and the straight line AS on SE; 

then the point S shall coincide with the point E, 

because AB is equal to DE; 

and AB coinciding whh DE, 

the straight line A C shall fall on DF, 

because the angle BACis equal to the angle EDF; 

therefore also the point C shail coincide with the point F, 

because .^ is equal to DF\ 

but the point B was shewn to coincide with the point E; 

wherefore the base ZtC shall coincide with the hose EF; 

because the point B coinciding with E, and Cwith F, 

If the base BCAo not coincide with the base .EF, the two straight lines 

£Cand ^F would enclose a space, which is impossible, (ax. 10.) 

Therefore the base BC does coincide with EF, and is equal to itj 

and the whole triangle ABC coincides with the whole triangle 

i>EJ^. ondiset^ualtoiti 

also the remaming anglea of one triangle coincide with the remain - 
ing angles of the other, and are equal t^ them, 

Tia. the angle ABC to the angle DEF, 
and the angle A CB to DFE. 
Therefore, if two triangles have two sides of the one equal to two 
ides, &c. ^Vhich was to he demonstrated. 

PROPOSITION V. THEOHEM. 
Tftt angltt at the 6aiia of an uoscels! Iriangle are i^ual to each other; 
nd if the equal eidet be produced, the anplea on t/te other tide of l/ie bam 
hall is epuil, 

tjeiABOhe anisoacelestrianBleof which the fiide.4Sia equal to ..iC, 

and let the equal sides AB, A Che produced to D and E. 

Then the angle ^BC shall be equal to the angle .d Cj9, 

and the angle DBC to lie angle ECB. 

In BD take any point F; 

ftom^^ the greater, cut off vJG equal to .,1 J" the less, (l. 3.) 

and join J'G GB. 

Because AF is equal lo AG, (constr.) and AB to A C\ (hyp.) 

[he two Rides JVl. ..JCare equal to the two GA. AB, each to e^tW, 

and liiey contain the angle FAQ commiii ^a ■Oaft V«a ■a'>»si'fi** 

AFC,AGJi; 



SUCTJD S EI.BMENTB. 



therefore the base FC is equal to the base 6B, (l. 4.) 

and the iriongle AFCis equal to the triangle AOB, 

oIbo the remaining angles of the one are equal to the remaining anglea 

of the other, each to each, to ■which the equal sides are opposite ; 

viz. the angle 4 CF to the angle ASG, 

and the angle AFCto the angle AGB. 

And because the whole AFjb equal to the whole AG, 

of which the parts AB, A C, are equal \ 

therefore the remainder 5i^is equal to the remainder CO; {ax. 3.) 

and FC haa been proved to be equal to OB \ 

hence, because the two sides BF, FC are equal to the two CG, GS, 

each to each ; 

and the angle BFC has been proved to be eaual to the angle COB, 

also the base 5Cia common to the two triangles BFC, CGB; 



end their 



wherefore these triangles are equal, Ji. 4.) 
imaining angles, eacti to each, to which the 
opposite i 



equal aides 



therefore the angle FBCis eqnal to the angle GCB, 
and the angle 5CJ^to the angle CBO. 
And, since it bus been demonstrated, 

that ihe whole angXa ABO is equal to the whole ACF, 
the parts of which, the anglea CBG. BCFaie also equal; 

emainingangle^JBCis equal to the reraainingangle^CS, 
which are the angles at the base of the triangle ABC; 
and it has also been proyed, 

that the angle J'^C'is equal to the angle GCB, 

which are the angles upon, the other side of the base. 

Therefore the angles at the base, &c. q.e.i). 

Cob. Hence an equilateral triangle is also equiangulai. 

PROPOSITION VI. THEOREM. 

Xftw) angles of a triangle is equal to etKh other ; the etdet aUo uAkA 

lu^eiii', or are opposite to, the equal anglea, iliall be ipial lo one another. 

Let ^£Obe a triangle having the angle .^fCequal to the angle 'JCfi. 

Tlien the side AB shall be equal to the aide A C. 
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For, if AB be not equal to AC, 

one of Ihem is greater tkan the other. 

If poBsible, let AB be greater ^m AC; 

and from BA out off JiJ equal to CA the lesa, (l. 3.) and join DC. 

ThEn. in the triangles DSC ABC, 

because DB is equal to AC, and BOh common to both triangles, 

the two aidee DB, BCare equal to the two aides A C, CS, each to each ; 

and the angle DBCisetiual to the enele^CBi (hyp.) 

therefore the base DC is equal to the Mae A S, (I. 4.) 

and the triangle DBCsa equal to the triancle ABC, 

the leas equal to the greater, which is absurd, (ax. 9.) 

Therefore AB is not unequal ta AC. that is, .^B ia equal to AC. 

Wherefore, if two angles, &c. Q.E.D. 

Cqb. Hence an equiangular triangle is also equilateral. 

PROPOSITION Vn. THEOREM. 
Upon Iht lame bale, and on the rams aide of it, there cannot be tiM 
trianglel that have their aides whivh are terminated in dim ex/remit;/ of the 
bate, eqaal to ona another, and likeiciit those vhich are terminated in ihi 
piher extremit!/. 

If it be posuble, on the BBtnebase A3, and upon the same aide of 
il, let there be two triangles A CB, ADB, which have their sides CA. 
■ J) A, terminated in the extreraity A of the base, equal to one another, 
and likewise their sides CB, DB, that are terminated in B, 
C D 



Join CD. 

First "When the vertex of each of the triangles is without the 
other triangle. 

Because J CiB equal to AD in the triangle ^Ci), 
therefore the angle ADC it equal to the angle ACD; (i. 5.1 
but the angle A CD is greater than the angle BCD \ (ax. 9.) 

therefore also the angle ADC us greater than BCD; 
much more therefore is Uie angle BfiC greater than BCD. 
"Again, because the side BffisequftI to BDin the triangle 5 CZJ, (hyp.) 
therefore the an^le BDCia equal to the angle BCD; (l. 5J 
but the angle BBC was proved greater than the angle SCI), 
lence the angle SD Cis both equal to, and greater than the angle £ CD : 
which is impossible. 
Secondlv. Let the vertex D of the triangle ADS fall within the 
triangle .4 fcS. 
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PrnduDe A C to H. acd AD to F, and join CD. 
Then beeauae ACi^ emml to J-D in tlie triangle ACD, 
tliPrefore the angles ECD, Ft)C'a-pon the other side of the base CD, 
are equal to one another; (i. G.] 

but the angle ECD is greater than the angle S CD ; (ax. 90 

therefore also the angle FDC'\s greater than the angle BCD; 

much more then is the angle 5Z)t' greater than the angle BCD, 

Again, because BCis equal to BDia the triangle BCD, 

therefore the angle BDC'a equnl to the angle BCD, (r. 5.) 

hut the angle BDChsx been proved greater than BCD, 

wherefore the angle BDCis both equal to, and greater than the 

angle BCD; which is impossible. 

Thirdly. The case in which the vertex of one triangle is upon a 
side of the other, needs no demonstration. 
Therefore, upon the same base and. on the same side of it, &d. Q.E.D. 

PROPOSITION Till. THEOREM. 
'too triangles hane iuxi lidea of the one equal to taa tidet of Hie o(^*r, 
to each, and Aaw Hketciie their bases eqtial; the angle vthich U con- 
tained by the tico aidei of the one ihall be equal to the angle contained by th^ 
-"mo aides eguai to them, oftfte other. 

Let^.BC,DEi^he two triangles, haying the two sides AB, AC, 
equal to the two sides DE, DF, each to each, viz. AB to DE, and 
..iCto DF, and also the base ^Cequal to the haae EF. 



Then the angle BA C shall be equal to the angle EDF. 

For, if the triangle ABC he applied to DEF, 

io that the point 5 he on i, and the straight line BCoaEF; 

then because .EC is equal to EF, (hyp,) 

therefore the point C shall coincide with the point F\ 

wherefore BCnoinciding with EF, 

SA and A C shall coincide with ED, DF; 

for, if the base .BC coincide with the ^weEF, but the sides SA, AC, 

io not coincide with the sides ED, DF, hut have a different situation 

IB EG, GF; 

then, upon the same bane, and upon the same side of it, there eaa 
he two triangles which have their Bides which are terminated in one 
estremity of the base, eaual to one another, and likewise those sides 
which are terminated in the other extremity; butthisisimposaible. (i.7.) 
Therefore, if the base BC coincide with the base EF, 
the sides BA, jIC cannot but coincide with the sides ED, DF; 
wherefore likewise the angle BA C coincides with the angle EDF, and; 
i equ^ to it (ax. 8.) 

i^erefare if two triangles have two aiies, 8ic. q.^.'D, 



BOOK I. PBOP. IX, X, 

PROPOSITION IX. PROBLEM. 

To hUecl a given rectUiiitat angle, that u, to Hivide if 

Let SAC be the given rectilineal angle. 
It is required to biaeet il. 



In AB take any point D; 

fromACcatoSAEeqaal to AD. (i. 3.) and join D^; 

on the aide o( DS lemole irom A, 

describe the equilateral triangle DEF (l !•), and join AF. 

Then the straight line J J" shall bisect the angle BAG, 

Because AD is equal to AF, (constr.) . 

and ^Fifl common to the two triangles SAF, EAF; 

the two sides Dil, .li J", are equal to the two Bides ^j1,j1-F, each to each; 

and thebase JDJ'iB equal to the base FF: I constr.) 

therefore the angle DAF\» equal to the angle EAF. (I. 8.) 

"Wherefore the angle BACis bisected by the straight lino jiJi". aE.P. 

PROPOSITION X. PROBLEM. 



Let AB be the given straight line. 
It is required to divide AB into two equal parts. 
i'tJpon AB describe the equilateral triangle ABC; (I. 1.) 



A 



and bisect the angle ACB by the straight line PC meeting JB in 
pointC (1.9.1 

Tliea AB shall he cut into two equal parts in the point D. 

Because .J C is equal to CS, (constr.) 

snd CB is common to the two triancles JCD, BCD; 

two sides ,iC, CD are equal to the two .BC, CO, each to eac 

and the angle ^ CZ) ia equal to BCD; (constr.) 

therefore the base AD is equal to tbe base BD. 1 1. 4-) 

Wherefora the straight line AB is divided liWn Wm «,i^jaii.-'jiS«>""^ 

jioint D. Q.EJ. 
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PROPOSITION XI. PROBLEM. 

Ta draw a ttraighl line at right aagUt to a givm straight lint, frmn a 

given point in the tame. 

Let AS be the given straisht line, and Ca given point in it 

It is required to draw a straight line from the point C Bt right 

angles to AJ3. 



In retake any point A and makfi C^eqna! to CD; (1.3.) 
npon i)£ describe the equilateral triangle DEF \\. 1), and join CF. 
Then CF drawn from the point CRhSlba at right angles to ^3. 
Because DC ifi equal to EC, and FC'm common to the two triajigles 
DCF, ECF; 
the two sides i)C, CF are egual to tlie two sides ^C, CF, each to each; 
and the base DFis equal to the base EF\ (constr.) 
therefore the angle DCFw equal to the angle ^CF: (i. 8.) 
and these two angles are adjacent angles. 
But when the two adjacent angles which one straight line makes 
with another straight line, are equal to one another, ^ch of Ihem is 
called a right angle: (def. 10.) 

therefore each of the angles B CF, ECF is a right nngle. 
Wterefore from the given point C, in the given straight line AS, 
FC has been diawn at right angles to AS. q.E-p. 

Cos. By help of this prajjlem, it may be demonstrated that two 
straight lines cannot have a common segment. 

If it be possible, let the segment AS be common to the two atraiiiht 
lines ABC, ABD. 



From the point ^, draw B^ at right angles to AB; (1. 11.) 

then beciiuse ABC'ia a straight line, 

therefore the angle AUE is equal to the angle EEC. (def. 10.) 

Similarly, because ASD is a straight line, 

therefore the angle ABE is equal to the angle EBD; 

but the angle .^flJ' is equal to the angle ESC, 

wherefore the angle EBB is equal to the angle EBC, (m. 1.) 

the less equal to the greater angle, which is impoasible. 

Therefore two straight hnes cannot have a common segmenL 

PKOPOSITION XII. PROBLEM. 

- 7^ dma a lirai^ lint perpendiculnr to a given ttratgkt lint of an- 

*iiii9fiiB^,/rain a^pui point teithout H. 



Let AB be the given stroisht line, which maj be produced a 
lenglh both ways, and let Cbe a point without it. 

It IB required to draw a straight line perpendicular to AS &om 1 
point C. 



Upon the ollieT side of AB take any point D, 
and from the center C at the distance CD, describe the circle EGP 
meeting AB, produced if necessary, in J" and G: (post. 3.) 
bisect FG m S{1. 10.), and join CB:. 
Then the straight line Cif drawn from the given point C, shoil be 
perpendiouliir to the given straight line AB. 
Join FC, and CO. 
Because F3i& equal to HG, (eonstr.l 
and J/Cis common to the triangles FUC. GHC; 
the two sides FH, B.C, are equoJ to the two GH, HC, eacli ti 
and the base CFh equal to the base CG; (def. 15.) 
therefore the angle FSOis equal to the angle OMC; (i. f 
and these are adjacent angles. 
But when a straight line standing on anoLher straight lino, i 
tile adjacent angles equal to one another, eachofthemisarightat 
and the straight line which stands upon the other ii called a perpen- 
dicular to it (def, 10.) 

Therefore from the ^iven point C, a perpendicular OS has h 
drawn to the giver straight line AB, Q.ii.F. 









PROPOSITION XIII. THEOREM. 



Let tJie straight line AB make with CD, upon one side 
ansleiCBA.ABB. 

Tlien these shall be either two right angles, 
or, shall be togellier, equal to two right angles. 



For if the angle CBA be equal to the angle ABD, 

each of them i.t a right angie. (def. 10.) 

But if the angle CBA be not equal to the angle ABD. 

from the point B draw BF at right angles to CD. V\-^>'^ 

Thentheanglea CBiiEBDaieVdOrHfltAan^ee.. V^'*--"^'^^ 
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And becauae the ang!e CBE is equal to the angles CB.i, ABB, 

add llie angle EBD ta each of these equals; 

therefore the angles CSB, EBD are equal to the three angles CBA, 

ABE, EBD. (ax. 2.) 
Again, because the angle DBA is equal to the two angiea DBE, EBA, 

add to each of these equals the iiiigle ABC; 
fterefore the angles DBA, ABC are equal to the three angles DBE, 
EBA, ABC. 
But the angles CBE, EBD ha^e been proved equal to the sa 
three angles ; 

and things which are equal to the same thing are equal to one another ; 
therefore the angles CBE, EBD are equal to the angles DBA, AB C\ 

but the angles CBE, EBD are two right angles ; 
therefore the angles DBA, ABCaie together equal to two right angles 

Wherefore, when a straight line, &o. aE.D. 

PROPOSITION XIT. THEOREM. 
If at a point in a atraiffhl line, Ivia other sCraight lines, upon the oppoaiCa 
tides of it, make the ivljacenl angka together equni to iao riglU angles ; than 
thesB too ttraight linee thail be in one and the same straight lino. 

At the point B in the straight line AB, let the two straight lines 
BO, BD upon the opposite laiea of ^rl^, make the adjacent angles 
ABC, ABD together equal to two right angles. 

Then BD shall be in the same straight Ime with BC. 



For, if BD be not in the same straight line with BO, 

il' possible, let BE he in the same straight line with it. 

Then because AB meets the straight line CBE; 

therefore the adjacent angles CBA, ABE are equal to two right angles 

(I. 13.) 

but the angles CBA. ABD are equal tt 

therefore the angles CBA,ABEareeQmlti: 

[ax. 1.) 

take away from these equals the ci 

therefore the remaining angle ABE is equal to the remaining it 

ABD; (as. 3.) 

the leas angle equal to the greater, which is im]joasible; 

therefore S.ff is not in the same straight line with BC, 

And in the same manner it may be demonstrated, that no other 

«an he in the same straight line with it but BD, which therefore is 

'v aiuae alraight line with BC. 

Wbete&yre, if at a point, SiO. (t.E.o. 



o right angles ; (hyp.) 
o the angles CBA, ABD : I 



angle CBA, 
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PROPOSITION XV, THEOREM. 
1} too itraiffhl linet aii ont another, the veriical, or Oppasi 
Aall be cqiial. 
Let the two Btraight lines AB, CD cut one another in the pi 
ITien the angle AEC shall be equal to the angle DEB, 
angle CEB to the angle AEI). 



Because flie Btraight line AE makes with CX) at the point E, the 
tdjacent ang-les CEA. AED ; 

these angles are together equal to two right angles. (l. 13.) 
Again, hecauie the straight line DB makes with A Bat Uie point E, 
the adjacent angles AED, DEB -, 

these angles also are equal to two right angles ; 
but the angles CEA, AED have been shewn to be equal to two right 

angles ; 
wherefore the angles C^-J,X-EiJ are equal to the angles -.J -ED, U£Si 

take away from each the common sngle AED, 
and the remaining angle CEA is equal to the remaining angle DEB. 
(ai. 3.) 

In the same manner it may be demonstrated, that the angle CEB 
equal to the angle AED, 

Therefore, if two straight lines cut one another, &c. Q.e.d. 
Cob. 1. From this it is manifest, that, if two straight lines cut each 
other, the angles whii^h they make at the point where they cut, are 
together equal to four right angles. 

COK. 2. And consequently that all the angles made by any num- 
ber of lines meeting in one point, are together equal to four right 
Angles. 

PROPOSITION XVI. THEOREM. 

Bfl li^ of a Iriaiii/le be prodaoed, the cxlsrior angle is greater than 
tilher of the inlerior oppaiila angia. 

Let ^.BCbe a triangle, and let the side BCbe produced to D. 
Then the exterior angle ACD shall be greaWr than either of the 
ir opposite angles CBA or BAC. 



Bisect ^ C in £, (i. 10."i wvlwo. BB-, 
;in»duce.ff.£to J*, making EFeniwiXn BE,lj-'i^* 
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Because AE is equal to l:C, aDd BE to JSF; (conetr.) 
tlie two sides AE, EB are equal to the two CE, EF, each to each, i 
the triangles ABE, CFE; 

and the angle AEB is equal to the angle CEF, 

because they are opposite vejtical angles ; (l. 15.) 

therefore the ease Aliis equal to the base CF,(i. i.) 

and the triangle AEB to the triangle CEF, 

and the remaining angles of cue triangle to the remaining angles of 

the other, each to each, to which the equal sides are opposite ; 

wherefore the anjjle BAE ia etjual to the angle EOF; 
but flie angle ECD or ACD Is greater than the angle ECF; 
therefore the angle ACD h greater than the angle BAE or BAC 
' In the same manner, if the side BC be bisected, and ACh^ pro- 
duced to G ; it may be demonstrated that the angle BCQ, that is, tha 
angle ACD. (l. 15.) is greater than the angle ABC. 

Therefore, if one side of a triangle, &c. q.e.d. 



PROPOSITION XVII. THEOREM. 

Any tao angletofa triansle an together lest than tioo right angUt, 

Let ABC he any triangle. 

Then any two of its angles together shall be less than two right angles. 



Produce any side BC to D. 
Then because A CD is the exterior angle of the triangle ABC; 
therefore the angle ^ Cfl is greater than the inleriorand opnofiiteangla 
ABC; (I. 16.) 

to each of these unequals add the angle A CB ; 
therefore the angles^CA-^Cfi are greater than the angles .450, 
ACB; 

hut the angles A CD. A CB are equal to two right angles ; [l 13.) 

tJierefore the angles ABC, A CB are less than two right angles. 

In like manner it may be demonstrated, 

that the angles BA C, A CB are leRS than two right angles, 

as also the angles CAB, ABC. 

Therefore any two angles of a triangle, &c (i.E.D. 



PROPOSITION XVni. THEOREM, 

The grentcT aide of every triangle ii oppasile to Ihe greater angle. 
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Then the angle -JiJO shall be greater than tte angle ACS. 



Since the side ACis greater than the side AB, (hyp.) 

make AD equal Uj AB, (i. 3.) and join BD. 

Then, because AD is equal to AB, in the triangle ABD, 

therefore the angle ABD is equal to the angle ADB, (l. 5.) 

but because the aide CD of the triangle BDC is produced to A, 

therefore the exterior angle ADS is greater than tlte interior and 

opposite angle DCS ; (L 16.) 

but tne angle ADS has been proved equal to the angle ABD, 

therefore the angle ABD is greater than the angle DCB; 

wherefore much more is the angle .^iJC greater than the angle ACS. 

Therefore the greater side, &a. Q. £, D. 

PROPOSITION XIX. THEOREM. 
I grtater angle of every triangle u luilended by tht grtater tide, or, 
ha» the greater side opposite to it. 

Let ^BCb« a triangle of which the angle .^IBCis greater than the 
angle BCA. 

Then the side .<1C shall be greater than the side AS. 



For, if .<*C be not greater than ^B, 

. ACvoi&t either be equal to, or less thnn AB; 

a AC were equal to A S, 

then the angle -4£C would be equal to the angle A CB ; (l. 5.) 

but it is not equal; (hyp.) 

therefore the side ACis not equal to AB. 

Again, if ^Cwere less than AB, 

then the angle .^iJC would be leBs than the angle .^ Cit ; (l. 13.) 

but it is not less, (hyp.) 

therefore the side AC k not leas than AB ; 

and j^Chas been shewn to be not equal to AS; 

tlierefore ACis greater than AB. 

Wherefore the greater angle, &c. Q.E.D. 

PROPOSITION XX. THEOREM. 
An^ two lidn of a triangle are together greater than the third iSdt. 
Let ASChe a triangle. 
Then any two eides of it together BW\i\)e cteft'v. 
viz. the sides BA, A C gieatet fti.tt.Q. 
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AS, J)6'greatecUiBii.iC( 
Mid BC, CA greater than AB. 



Produce the side BA to the point B, 

make AD equal to A C, (r. 3.) and join DC. 

Then becaufle AD is equal W AC, (constr.) 

therefore the angle ^CD is equal to the angle ADC; (l. 6.) 

but the angle SCO is greater than the angle ^CD; (as. 90 

therefore also the angle BCD is greater than the angle ADC, 

And because in the triangle DBC, 

the angle BCD is greater than the angle SDC. 

and that the greater angle is subtended by the greater side; (L 19. 

therefore the side DB is greater than the side BC; 

hut DB is equafto BA and A C, 

therefore the sides BA and ^ C are greater than BC. 

In the same manner it may be demonstrated, 

that the sides AB, BC&re greater than CAj 

also Uiat BC, CA are greater than AB. 

Therefore any two sides, &o. Q.£.D. 

PROPOSITION XXI. THEOREM. 

If /ram the ends of a tide ef a triangle, there be drawn laa itraig 
lines to a point Kilhin the triaur/le; theaa ahali be less t/mn the other t\ 
tides of the Iriaaffle, but shall matain a greater angle. 

Let ABChe a triangle, and from the points B, C, the ends of the 
side BC, let the two straight lines BB, CD be drawn to a point D 
within the triangle. 

Then JJJond ZfOsbnll be less than ii-J and ^IC the other two 
sides of the triangle, 
hut shaU contain an angle BDC greater than the angle BA C. 



e the t 




roduce BD to meet the side ^Cin S. 

s of a triangle are greater than the third aide, {l. S 

3 Bides BA, AB of the triangle ABE are greater 



to each of these unequals add SC; 
therefore the sides BA.ACaie greater than BE, EC. {ai. 4.) 
A^B, because the two sides CB, BD of the triangle CED ar 
greater than DC; [L 20.) 

add DB to eaiui of these unet^uE^-, 
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therefore the aidea CE, EB are greater than CD, DB. (ax, 4.) 
But it has been ghewn that BA.ACuxe greater than BE, EC; 

much more then are BA, A C greater than BD, DC. ' 

Again, because the exterior angle of a triangle is greater than the 
interior and opposite angle ; (l. 10.) 

therefore the exterior angle ^iJCofthe triangle CDE Is greater 
' than the interior and opposite angle CED; 

for the same reason, the estenor angle CED of the triangle ABE 
is greater than the interior and opposite angle SAC; 
■and it has been demonstrated, 

that the angle BDC'ia greater than the angle CEB; 

much more therefore is the angle ^J3C greater than the angle BAC. 

Therefore, if from the ends of Ue side, &o. a£.D. 

PROPOSITION XXII. PROBLEM. 
make a irianglt of lehich the tides ahalt ie equal to three given 
atraight iiaai, but any two whatever of these most be greater than the third. 

Let A, 3, Che the tluree given straight tinea, 

of which any two whatever are greater than tne third, (l. 20.) 

namely, A and B greater than C; 

A and P greater than B; 

and B and V greater than A. 

It ie required to make a triangle of which the sides shall be eqnal 

to A, B, C, each to each. 



(f 




Take n straight line BE terminated at the point D, but unlimited 
towards E, 

make DF equal to A, FO equal to B, and ffB" equal to C; (i. 3,) 
from the center F, at tlie distance FD, describe the circle DEL; 
,st3.) 

from the center ff, at the distance OS, describe the circle HLK; 
from K where the circles cut each other, draw KF, KQ to the points 
F, G; 

Then the triangle EFG shall have its sides equal to the three 
atraight lines A, B, C. 

Because the point J" is the center of the circle DEL, 

therefore FD is equal to FK\ (def. 15.) 

but FD is equal to the straight line A ; 

therefore FK \» equal to A. 

Again, because G is the center of the circie HKL; 

therefore OH is equal to OK, (def. 15.) 

but GHxi equal to C\ 

therefore also OK \a e(\ua,\ \a C -, ^y.i..\^ 

and FQ ia tqiittV i-o B ■, 
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8' Euclid's elements. 

therefore the three straight linea XF, FG, GK, are respeo^TC^ 

equal to the iJiree, A, B, C: 
and therefore the triangle KFO haa its three sidea EF, FG, GK, 

equal to the three given straight lines A, B, C. a.B.F. 

PROPOSITION XXni. PROBLEM. 

maia a recCitinea! oi 

Let AB be the given straight Une, and A the given point in it, 

and Z*t.^E the given recliEneal angle. 

It in requirud, at the givtn point A in tlie given straight line AB, to 

make an angle that Bhatl be equal to the given rectilineal angle DCS. 




In CD, Oj^.takeanypointsC-B, and join BEi 
on AB, make the triangle AFO, the nidee of which shall be eonsl 
to the three straight lines CD, DE, EC, so tliat AF be equal to 
CD, AG to CE, and FG to DE. (i. 22.) 

Then tlie angle FAO shall he equal to the angle DCE. 

Because FA, AG are equal to JiC, CE, each to each, 

and the base FQ is equal to the base DEi 

therefore the angle FAG^s equal to the angle DCE. (r. SJ 

■Wherefore, at the given point A in the given straightline AB, the 

•ngle FaO ia made equal to the given rectilineal angle DCE, 4.E.F. 

PEOPOSITION XXIV. THEOREM. 

If two triangia Anna tao sides of the one equal to Into lidei of tht other, 
cath to mrh, bul llu angle amiaiiud iff the luo aidei of one of Ihtm greater 
(Ann tlie angle coMaiued by Iha two lidei equal to t/iem, of the other i the 
base of that which hat the greater cngle, shall he greater than the baae 
Of the other. 

Let ABC, DEFhe two triangles, which have the two aides AB, 

AC. equal to the two DE, DF, eech to each, namely, AB equal to 

ZJi^and^CloiJF; but the angle BJCgreoiertlian tlie angle JSZ^J, 

Then the bo^ie ij'C shall be greater than the base EF. 
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Of the two aides DE, DF, let DEhe n 
at the point D, in the line OE. and on the 

make the angle EDO equal to the angle SAC; (i. 23J 

make DO equal to DJ" or ^ C, (l. 3.) and join EG, OP. 

Then, because DE is equal to AB, and JDO to A C, 

the two sides DE, DO are equal to the two AS, AC, ettch to each, 

and the angle EDO ia equal to the angle BA C; 

therefore the base EO is equal to the base BC. (i. 4.) 

And because DG is equal to ZJFin the Lrianjtle DFG, 

therefore the angle DFG is equal to the angle DGF; (I. 5.1 

but the angle DGF\s greater than the angle EGF; (ax. 90 

therefore the ongle DFG a also erealer than the angle EOF; 

much more therefore is the angle EFG greater than the angle EGF. 

And because in the triangle EFO, the angle EFG is greater than 

the angle EOF, 

and that the greater angle is subtended by the greater uAn ; (i. 19.) 

therefore the side EG is greater than the aide EF; 

but EG was proved equal to BC; 

therefore SCta greater than EF. 

'Wherefore, if twp triangles, &c. q.e.d, 

PROPOSITION XXT. THEOKEM. 

Tfttco Irianglet hata Itco tidtt of Ike one tqttal In tvQ tidti of tht olhar, 

h to Bach, but tht baiB of una grealir i/iaa the batB of tkt oUirr; thi 

jh Bontaiaial by lluiidet of tht tmt icAkA /uu tht gnater bale, ahall be 

frialer l/iait ik» angle eonlaineii Ay Ilia tiiia, eguai to Ihetn, oftlie olhsr. 

Let ABC, DEFhe two triangles which have the two sides AS, A C. 
equal to the two sides DE, DF. each to each, namely, AB equal to 
DE, end AC to DF: but the base .flC greater than tbe base ^Jl 
Then the angle BA C shall be greater than the angle EDF. 



h 



Pot, if the angle BA C be rot greater than the angle EDF, 

it muat either be equal to it, or lesa than it. 

If the angle BA Cwere equal to the angle EDF, 

then the base SC would be equal to the base EF; (l. 4.) 

but it is not eiiual, (hyp.) 
therefore the angle BACis not equal to the angle EDF. 
Again, if the angle SACvere less than the angle EDF, 
then the base ^C" would be less than Ihe base EF; (i. '2i.) 

but it is not less, (hvp.) 

therefore the an^le BACis not less tlian the angle EDF: 

idithaa been shewn, that the angle BjICis not equal to theangieBD/'l 

therefore the angle BA C is greater than the angle EDF. 

Wherelore, if two tvianglea, &.c. (i.i.\i. 



PROPOSITION XXVI. THEOREM, 

Jf two tria/n^let have too angle$ of tht ont equal lo lao angla ef tht 
oOier, each to each, and one airli equal lo one aide, eiz, either the tides al- 
tera to the equal angles in each, or the lidei uppoiile lo them ; then ahall tAe 

it/ier lidea be equal, each lo eaoh, and alio the third angle of the one equal 

^ the ihird angle iff the other. 

Let ASC, DBF he two trianelea which have the angles ABC, 
SCA. equal to the angles DEF, FFD, each to each, namely, ABO 
- DBF, aod BOA to EFD; also one aide etjual to one aide. 

First, let those sidea be eiiual wliich are adjacent %a the angles that 
; equal in the two triangles, namely, BC to EF. 

Then the other sides shall he equal, each to each, namely, AB 
D£, and ^ C to BF, and the third angle ii^ C to the third angle EDF. 
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If possible, let AB he greater than BE. 

nake BG equal to FB, (I. 3.) and join GO. 

Then in lie two triangles GSC, BEF. 



becauae GB la equal to DE, and BC to EF, (hyp.) 

the two aidea GB, BCare equal to the two BE. EF, each to each 

and the angle ff^Cis equal to the angle BEF; 

therefore thehase GCis equal lo the base BFAi. i.) 

and the triangle OBCUithe triangle BEF, 

and the other anglea to the other angles, each to each, to which 

the equal sides are opposite ; 

therefore the angle GCB is equal to the angle BFE^ 

but the angle A CB is, by the hypothesis, equal to the angle BFE; 

wherefore also the angle GCB ia equal to the angle -iC^r (ar. 1.) 

the less angle equal to the greater, which ia impossiblej 

therefore AB is not unequal to BE, 

that is, AB is equal to BE. 

Hence, in the triangles ABC, BEF; 

becausevlBisequalto ZJ-E, and^CtoSJ", (hyp.) 

nnd the angle ABC is equal to the angle BEF; (hyp.) 

therefore the base ^Cia equal to the base BE. (l. 4.) 

and the third angle BA C to the third angle EBF. 

Secondly, let the sides which are opposite to one of the equal angles 

tflch triangle be equal to one another, namely, AB equal to BE. 

Then in this case likewise the other sides shall he equal, AC to DR 
i^Cfo SJ^, and also the third angle BAG to fbe\l\\i4ii-n^;\e'EDP. 



BOOK I. PROP. XXVI, XXVil. 



^r For a BC he aat equal to HF, 

one of them, must be greater than the other. 

If poMihle, let £Cbe greater than EF; 
make S J equal to £F, fi. 3.) and join AS. 

Then in the two triangles ASH. DBF, 

because AB is equal to DM, and BH to EF, 

and the angle ^5if to the angle DBF; (hyp.) 

therefore the base AH is equal to the base DF.Jt- 4.) 

and the triangle ABS to the triangle DBF, 

and the other angles to the other angles, each to each, to which the 

equal sides are opposite r 

IB equal to the angle BFD ; 

1 to the angle BCA ; (hjp,) 

therefore the angle BSA is equal to the angle BCA, (as, 1.) 

*Jiat is, the exterior angle BSA of the tnangle ASC, is 

equal to its interior and opposite angle BCA ; 

which is impossible i (l. 1g!) 

wherefore .B C is not unequal to EF, 

that is, SCis equal to EF. 

Hence, in the trian^es ABC, DEF; 

because AB ia equal to BE, and BCXa EF, (hyp.) 

Rnd the included angle ABCls equal to the includedan^e DBF; (hj^i.) 

therefore the base ^Cis equal to the base DF, (l. 4.) 

and the third angle S^ C to the third angle BDF. 

Wherefore, if two triangles, &g. Q-E.d. 

PROPOSITION SXVn. THEOBEM. 

tfa itraight line falling on too olfier itrnight iijiet, mahs the ailtmate 

nglet eq-ual to each other; these Cia> airaight linei thall be parallel. 

Let the straight line EF, which fells upon the two straight lines 

AB, CD, make the alternate angles AEF, EFB, equal to one another. 

Then AB shall be parallel to CD. 



For, if .d;.B he not parallel to CD, 
then AB and CD being produced will meet, either towards A and C, 
or towards B and D. 
Let A B, CD be produced and meet, if possible, to<A'arda B ■ts^ r> , 
in the point G, 

then GEFiBa.tda.a^a, 



28 Euclid's element?. 

And because a side GE of the trimigie GEF'n produced to A, 
therefore its exterior angle A EF is greater than tlie interior ai 
ojipoaite angle EVO \ (l. 16.) 

but the anRle AEFis equal to the angle EFG; (hjp.) 

tlierefore the angle A£F is greater than, and equal to, the engj 

EFQ ] which is impoBBible. 

Therefore AB, CD being prodnced, do not meet towerdi B, jD. 

In lilie manner, it mav lie demoDitrated, that they do not mei 

when produced towards A, C. 

But those straight lines in the gsme plane, which meet neither wb;, 
though produced ever so far, are parallel to one another; (def, 36.) 



PROPOSITION XXVin. THEOREM. 

If a ilTalghi tine failing upon Iteo other slrnighl linn, nioJa the 
angle egval lo the inltriar Bfid opposite upon the lanit side of the 
make the inlerior atig'tt upon the same aide together equal to h 
angles ; tha two straight lint) shall beparallel lo one another. 

Let the straight line EF, which falls upon the two straight linei 
AB, CD, make the exterior angle EOB equal to the interior anc 
opposite angle GHD, upon the same side of the line EF; or inal^ 
the two interior angles BGH, GIW on the seme side logethei> 
equal to two right angles. 

Then AB shall be parallel to CD. 



Because the angle EGB ia equal to tlie anple GHD, (hyp.) 
and the angle EGB is equal to the angle ^GH, {i. 1j.) 
therefore the angle ^Cif is equal to the angle GJ{D; (ai. 1.) 
and they are alternate angles, 

therefore AB la parallel lo CD. {i. 27.} 
Again, because the angles BGH, GHD are together equal to two 
right angles, (hyp.) 

and that tbe angles AGS, BOK axe also together equal ti 

right angles; (l 13.) 

therefore the angles .,l(?7/,BG.n' are equal to the angles BGS^ 

GHD; (a^.l.) ^™ 

take away from these equals, the common angle BGH; 

therefi>re the remaining angle A GH is equal to the remaining aiialei 

GHD i (ai. 3.) ~ 

and thev are alternate angles ; 

therefore AB is parallel to CB. {i. 27.; 

Wheref/ire, ii'a eaaight line, &o. tj.E.li. 



PROP, XXIX. 



PROPOSITION XxrS. THEOREM. 



a itrnighC line/all i/paa i 
'nfjlea fg^iiii to fjne an</(he 
-atvi cppoiilt upnn the lame >ia 
me aide together equal lo 



a pnrnllel straight li»n, it mrtkn ihe alter- 
and the eileriiir ani/lB cqiuil (u the interior 
anii tikaiBisB the iica interior anglei vpaa 

o right aiiglest 



I*t Ihe straight line £i^ fall upon the perallel straight lines jIB, CD. 
Tlien the alleniate angles -J GJT, GJTJJ shall be equalto oneanotieri 

' e eiterior angle Ji'GB shall be equal to the interior and cppoaita 
angle OMB upon the same side of the line EF; 
and the two interior angles BOII, GMD upon the same side of Ei-' 

ihitll be together equal to two right one'^s. 



. \. 



First For, if the angle AGHhe not equal to the attemntc angle 
QHD, one of them must he greater than the other ; 
if poBsihle, let A GJI be greater than OHD, 
then hecause the angle A GS is greater than the angle GIID, 
add to each of these unequals the angle BGil; 
therefore the angles A GH, BGH &xe greater than the angles BGH, 
GHB; (ax. 4.) 
but the angles A GH, BGH are equal to two right angles ; (i. 13.) 
therefore the anaies BGH, GHD are less than two right angles ; 
but those straight lines, which with another straight line falling upon 
theia, malie the two interior angles on the same side less than two 
right angles, will meet together if continually produced j (ax. 12.} 
therefore the straight Iinea AB, CI), if produced &r enough, will 
meet towards B, D ; 
but tliey never meet, since they are parallel by the hvpotheRia ; 
therefore the angle A GH is not unequal to the angle GIID, 
that is, the angle -^GW is equal to the alternate angle GUI). 
Secondlj. Because the angle A OH ia equal to the angle EGB. (l. 15.) 

und the angle AGH h equal to the angle GHB, 

therefore the exterior angle EGB is equal to the interior and opposite 

angle GHl>> on the snme side of the line. 

Thirdly. Because the angle EGH is equal to Ihe angle GHD, 

add to each of them the angle BGH; 

therefore the angles £(?5, .fiffif ere eqoal to theanglea Hfffl; ffJD : 

(ax. 2.) 

but £03, .BGfl'are equal to two right angles; (l. 13.) 
therefore also the tn-o interior angles BGH, GHB on.tivft'iJisMti-^'i 
of the line are equal lo two rieht ani^ies. t,a'».. \^ 

Tfiere/bre, if a straigtlline, &c. Q-t.-O. 
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PROPOSITION XXX. THEOREM. 
Straight linei tchieh art paralltl to the tame itraight line are parallel t 

Let the straight lines A li, CD, be each of them parallel to EF. 
Then ahall AB be also parallel to CD. 



Let the atraight line OHK ctit AB, EF, CD. 

Then because GSK cuts the parallel straight lines AB, EF, in 
Q.H. 
thereforelhe angle ^OiT is equal to the alternate angle CHF. (l, 29.) 

Again, because GSK cuts the parallel stroight Tines EF, CD, in 

therefore the exterior angle OHF is equal to the interior angle HKD j 

and it was shewn that the angle AGS'n equal to the atiRle OHF; 

therel'ore the angle jJG^ia equal I o the angle GKD; , 

and these are alternate angles; 

therel'ore AB is parallel to CD. fl. 27.) 

'Wherefore, straight lines which are parallel, &c. (1.E.11. 



PROPOSITION XXXI. PROBLEM. 

Tu dtavi a ilraighi line through a giem paint parallel to a given atraiifht 

Let A be the given point, and BC the given straight line, ' 

It is required to draw, through the point A, a atraight line parallell 
to the straight line BC. 



In the line BC lake niiv point D, and join AD% 
at the point A in the Biraight line AD, 
make the angle DAE equal to the angle ADC, (i. 23,) on the oppo- 
'" side of AD ; 

iuce the straight line EA to F. 
SJ^Bhall be parallel to BC. 1 

Beeauae lie straight line AD meets the tno straight lines EF, BC, 
id makes the alternate angles BAD, ADC, equal to one another, 

therefore EFis parallel to BC. (i. 27.) 1 

Wherefore, Through the given point A, lias been orawn a straight 
me .£Liej^paiaUel to the given straight line JJC. U.^.?. 
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PROPOSITION XXXn. THEOREM. 

If a lide of any triangla lie produced, the exterior angle t'l egtittt to Iht 
two interior and oppoiile angles ; and l/ie three interior anglet uf every 
triangle are together tgimi to Iteo right angles. 

Let ^5Cbe a triangle, and let one ol' its BidaaiCbe produced to D. 

Then the exl«rior angle ACD ehall be equal to tte two interior 
and opposite anglea CAB, AJiC: 

and the three interior angles ABC, BCA, CAB shall be equal to 
two right angles. 



Through the point Cdraw C£ parallel to the side BA. (L 81.) 
Then because CE is parallel to BA, and A C meets them, 
therefore the angle ACE is equal to the alternate angle BA C. (l. 29.) 
Again, because CE is parallel to AS, and BD falls upon them, 
therefore the exterior angle ECD is equal to the interior and op- 
posite angle ABC; (i. 29.) 
but the angle ACE km shewn to be equal to the angle BAC; 
therefore the whole exterior angle A CD is equal to (he two interior 
and opposite angles CAB. ABC. (ax. 2,) 
Again, because the angle .^ Ci> is equal to the two En^caABC,BAC, 
to each of these equals add the angle ACB, 
therefore the angles A CD and A CB are equal to the three angles 

ABC, BAC, and ACB. (ax. 2.) 
but the angles A CB, A CS are equal to two right angles, (l. 13.) 
therefore also the angles ABC, BAC, ACB are equal to two right 

angles, (ax. 1. 
'Wherefore, if a side of any triangle be produced, S:e. q.e.d. 
COK. 1. AH the interior angles of any rectilineiil figure together 
with four right angles, are equal to twice as many right angles as the 
figure has sides. 



For any rectilineal figure ABODE can be divided into as many 
triangles as the figure has sides, by drawing straight lines from a point 
J'wimin the figure to each of its angles. 

Then, because ihe three interior angles of a trianfjle are equal to 
I tworightangles, and there are as mony triangles as the figure has sides, 
therefore all the angles of these triangles are equal to twice as nian.x 

right anglea ns tlie figure has sides ■, _ _ ^.^ 

but the some angles ol' these tiiangVcB a.T6 cQpA^oft^R^m-^J*■'«^>=^■e^ 
of the figure together willi tbe aii^ea aX "Cob -^\s*. »! -- 



10 EUCLIDS ELEMENTS. 

and the angles at the point F, which ia the common \enex of all 

the triungles, are equal to four right angles, (i, 15. Cor. 2.) 
therefore the same sneles of these triangles are equal to the nnglec 

of the figure together with four right angles; 
hut it haa heen proved that tlie angles of the triangles are equal 

twice as many right angles as the figure has sides ; 
therefore all the angles of the figure together with fourrightaiiD|le^ 

are equal to twice as many right angles as the figure has sideai 

Cor. 2, All the exterior angles of any rectilineal Jigure, made by 

roducing the sideB successively in the same direction, are togethei 

qual to four right angles. 



Since every interior angle jJBCwith its adjacent eiterior angle 
A BD, is equal to two ri^t ancles, (I. 13,) 

therefore all the interior angles, together with alt the exterior angles, 
are equal to twice bs many right angles aa the figure has sidea ; 

but it has been proved by the foregoing coroUai-y, that all the 
lerior angles together with four right angles are equal to twice as many 
I'ight angles as the figure has sides ; 

therefore aU lie interior ongiea together with all the exterior atiglev 
are equal to all the intraior angles and four right angles, (ax., 1.) 
take from these equals all the interior angles, 

therefore all the exterior angles of the figure are equal to four ri^it 
angles, (ax. 3.) 

PROPOsrnoN xxxiii. theorem, 

The ttraight linei mkich Join tht extremiliea of tum equal and paraSat 
itraight Unea teicaril! the lams parte, are alio themiehee eqiml andparalUlt, 

Let AB, CD he equal and parallel straight lines, 

and joined towards the same pacts by the straight lines AC, BD. 

Then AC, IID shall be equal and paralleL 



Join BC. 

Then because AB is parallel to CD, and BCmeets them, 

therefore the angle ABC is equal to the alternate angle ^Ci); (1.29.) 

and because A B is equal to CD, and-B C'common to the two trianclea 

JSC, DCS; the two aides ^S, .PC. are equallo the twoDCCB, each 

to each, and Ihe angle ABCv&a proved to be equal to the angle fiCJ>i 

tiierefore ihe base AC'm equal to the base BD^ (l. 4.) 

and the U-iangJe ABC to tbe tt\aTvg\e BCD, 



ftnd Qte other angles to the other angleSj each to eaoh, to which the 

equBl sides are oppoeite ; 

therefore the angle ^CB is equal to the angle CBD. 

And because the straight line -B C meets the two straight lines AC, 

BD, uid maltes the altemate angles A CS, CBD equal to one another; 

therefore AC is parallel to SD ; (i. 27.) 

and AC -w&n shewn to >ie equal to BD. 

Therefore, sCraight lines which, &c. Q.2.D. 

PROPOSITION xxxry. theorem. 



Let A CDS he a parallelograni, of which BC is a diameter. 
Then the opposite sides ai ' 
ine another; and the diarneti 
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BecatiflE AB is parallel to CD, nndJSCmeela them, 
therefore the angle ABCia equal to the nltemate angle BCD. (l. 29.) 

And herauBe ACh parallel to BD,aiid BCmeetx them, 
therefore the angle A CB >a equal to the altemate angle CBD. (L 280 

Hence in the two triangles ABC, CBD, 
because the two angles ABC, BCA in the one, are equal to the two 

angles BCD, CBi> in the other, each to each; 
■nd one side BC, which ie adjacent to their equal angles, common to 

the two triangles j 
therefore their other sides are equal, each to each, and the third angle 
of the one to the third angle of the other, {i. 26.) 
namely, the side AB to the side CD, and ..1 C to BD, and the angle 
BAG to the angle B DC. 

And because the angle ^SC is equal to the anj^le .SCD, 
and the angle CBD to the ang\e A CB. 
therefore the whole angle ABD is equal to the whole angle A CD ; 
(ax. 2.) 

and the angle BA Phas been ahemi to be equal to BDC; 
therefore the opposite sides and angles of a parallelogram are equal to 

Also the diameter BC bisects it. 

For since J Sis equal to CD, and BP common, the two siiesAB, 

BC, are equal to the t«o DC. CB. each to each, 

and the an^le ABChns been prored to be equal to the angle BCD: 

therefore the triangle J5C is equal to the triangle BCn•.<>.^^^«^- 

■Ae diameter .aCdivide* the patalk\ogiKittA.CDB'ai.Vi\.«a'Wii:i^'i»^'^^ 
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ECCLID S ELEMENTS. 

PROPOSITION XXXV. THEOREM. 
Parallelograms upon iha sama batSj atid belaeffn tho tamt 
tqual to one anoibtr. 

Let die pttraUelogramH^SCA^^CFbe upon the same base SQ 
Bud between the same parallelH AF, BC. 

lliea the pBrallelogram j1 £ CD shall be equal to the perBllelogram 
EBCF. 



then itiaplainth&t each of the parallelogramBia double of the triEUiKle 

BDC; (I. 34.) 
and therefore the parallelogram j4£Ci> is equal to the parallelogTain 
DBCF. (ax. 6.) 

But if the sides AD, EF, opposite to the base BC, be not termi- 
nated in the same point ; 

Then, because ASCD is a patallelogram, 

therefore AD is equal to BC; (l. 34.) 

snd for a similar reason, EFis equal to BC; 

wherefore AD is equal to EF; (ax. 1.) 

andZtJ^ia common; 

therefore the whole, or the remainder AF, is equal to the whole, or 

the remainder DF ; (ai. 2 or 3.) 

and AB la equal to DC; (l. 24.) 

hence in the triangles FAB, FDC, 

because Ji"!) is equal to ^^, and DC to. 4B, 

and the exterior angle FDC is equal to the interior and opposite angle 

EAB ; (I. 29.) 

therefore the base FC is equal to the base EB. [I. 4.) 

and the triangle FDC is equal to the ttianRle BAB. 

From the tnipt'eium ABCF take the triangle FD C, 

and from the same trapezium take the triangle EAB, 

and tie remainders are equal, (ax. 3.) 

tlierefore the parallelogram A B CD is equal to the paraUeiogram^B CF, 

Therefore, parailelogiama upon the same, &c. Q.E.D. 



PROPOSITIOK XXXTt. THEOREM. 
Parallelograms upon equal bases ajid beticeen the lome paralUU, art 
equal to DR8 another. 

Let ABCD, EFOH he parallelograms upon equal bases BC, FG, 
and between the same parallels AH, B6. 

JTien tie paraUelagraia A^CD ihaHlhe ei^ualto the parallelogram 



PROP, XXXVl, XXXVII. 

A D £ B 



Join BE, CH. 

Then because 5Cia equal to FG, (hj-p.) and FO to EH, (l. 34.) 

Iherefote BC is egual to JEfl"; (ax, 1.) 

ftnd these lines are paretleis, and joined towards the same parts by the 

straight lines BE, CH; 

ut straight lines which join the extremities of equal and parallel 
straight lines towards the same parts, are themselves equal and parallel ; 
(1. 33.) 

therefore BE, CJTsk both equal and parallel ; 
wherefore EBCH is a parallelogram, fdef. A.) 
And because the paralielograni.3 ABCD, EBCH, are npon the 

same base SC, and between the same parallels BC, AM; 
therefore the parallelogram AJfCE is equal to the parallelogram 
EBCH. (I. 35.) 

For the same reason, the parallelogram EFGH is equal to the 
parallelogTam EBCH; 

therefore the parallelogram ABCD is equal to the parallelogram 
EFGH. (as. 1.) 

Therefore, parallelngramg upon equal, &a. Q. E. D. 

PROPOSITION XXXVII, THEOREM. 
Trianglei upon the lame bate aiid bflmeen tht lame parallels, are equal to 
it another. 

let the triangles ABC, DBChe upon the same base BC, 
and between the same parallels AD, BC. 
Then the triangle .SBC shall be equal to the triangle iJ.Ba 
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Produce AD both -ways to the polntu E, Fi 

through B draw BE parallel to CA, (l. 31.) 

and through Odraw CF parallel to BD. 

Then each of the figures EBCA, DBCF is a parallelogram ; 

and EBCA is equal to DBCF, (l. 35.) because they are upon the 

same base BC, and between the same parallels BC, EF. 

And because the diameter AB bisects the parallelogram EBCA, 

therefore the triangle ABCh half of lie paraUeloeram EBCJ ; (t. 34.) 

also because the diameter DC bisects the parallelogram DBCF, 

therefore the triangle 2J5(7 is half of the parallelogram D^CJ", 

but the halves of equal things are emial ; (ax. 7.1 

therefore the triangle ABC ie ei^ual \d vW \iva.T\^ IJTi^. 

Wherefore, triangleR, Stt. Q.-i.."o- 



PROFOSITIO^f XXXVIII. THEOREM. 

lyianglti upon equal baaei and beltneen the tame parallfU, art equal 
to otu another. 

Let the triangles ABC, BEF te upon equal bases BC, EF, and 
between the Bsme iiarallelB BF, AD. 

Then the triangle ^^Cshall be equal to the triangle BEF. 
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I 



Produce AB both ways to the poinla O, H; 

through B draw BO paraliel to CA, (i. 31.) 

and ihrough F draw FH parallel to EB. 

Then each of the figures GBCA, BEFSia a parallelogram; 

BJid thej are equal to one another, (r. 36.) 

because they are upon equal bases BC. FF, 

aud bet«'een the same paroUela BF, OS. 

And because the diameter AB bisects the parallelogram GBCA, 

therefore the triangle ABCie tlie half of the pandlelogram GBC^i 

(I. 34.) 

also, because the diatneter DFbisects the parallelogram BEFIT, 

therefore the triangle DEF'a the half of the parallelogram BEFS; 

but the nalvea of equal things are equal ; (ax. 7.) 

therefore the triangle ABC is equal to the triangle BEF. 

Wherefore, triangles upon equal bases, &c. q.e.d. 

PROPOSITION XXXIX. THEOREM. 
Equal Iriatiglei upon tht tame boat and upon tht tamo lida of it, ara 
lOflen (Aa lame paralUU, 

Let the equal triangles ABC, DEC be upon the same base SC, 
and upon the same side of it. 
Then the tiianglea ABC, i5BC shall be between the same porallaU. 



Join AB : then AB shall be parallel to BC. 
Yarli AB be not parallel lo BC. 
if possible, through the jwint A, draw AE parallel to BC, (l. 81.) 
meeting BB, or BB produced, in E, and join EC. 

Then the triangle .dfiCi* equal lo the triangle ^^C, (l. 37.) 

because they are upon the same base BC, 

and between the same parallels BC, AE: 

hat the triangle .^.BCis equal to the triangle DBC\ (hyp.) 

tberelbre the triangle DBC ia equaV to live tt'wngW ERG, 
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the greater triangle eqaa.1 to the less, which is impossible: 

therelbre AM is not parallel to BO. 

In the same loonner it can he demonstrated, 

that no other line drawn from A but AD is purallel to SC; 

AD ia therefore parallel to ItC. 

"Wherefore, equal triangleB upon, S:e. Q.e.d, 

PROPOSITION XL. THEOREM. 



Let the equal triangles ABC, DEFhe upon equal bases BC, EF, 
D the same atraieht line BF, and towards the same paita. 
Then they shall be betneeu the same parallela. 



Join^^Bl then ^D shall be parallel to BJ". 

For if ^ fl be not paraUel to BF, 

if possible, through A draw AO parallel to BF, (l. 31.} 

meeting ED, or ED produced in G, and join GF. 

Then the triangle ABCis equal to the triangle GEF, (i. 3S.) 

because they are upon equal ba^es BC, EF, 

and between the same parallels BF, AG; 

but the trianfrle^BC is equal to the triangle DBF: fhyji.) 

therefore the triangle DEF is equal to the triangle GEF, (a.'s. I.) 

tlie greater triangle equal to the less, which lb impossible : 

therefore AO is not parallel to BF. 

And in the same manner it can be demonstrated, 

that there is no other line drawn from A parallel to it but AD j 

AD is therefore narallDl to BF. 

Wherefore, equal triangles upon, &c. (I.E.D. 

PROPOSITION XLI. THEOREM. 

If a paraUtlagram and a Iriangle Ac ii/wii lie tama base, and belmeen 
Ou tame paralUla ; tht paralicto^ram lAali be double of the triattgle. 

Let the paralleloeram ABCD, and the triangle ESC be upon the 
■ame base BC, and betivceii the same parallels ISC, AE. 

Then the puallelogram ..di:' Ci> shall be double of the triangle EB C. 



Join AC. 
the triangle ABCi& eclual to \ive ttUm^^ ETSC, ^."Sv^ 
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because they are upon the same base SO, and between t 

parallelB BC, AE. 

But the parallelogram ABCDia double of the triangle ABC, 

because tbe diameter AChiiecls it; (i. 34.) 

wherefore ABCD is also double of the triangle EBC. 

Therefore, if a parailelogram and a triangle, &c. q.E.D. 

PROPOSITION XLn. problem:. 

o a gittn triangla, onA 

Let ABChe the given triangle, and D the given rectilineal angle>. 
It is required to describe a pariLlleiograni that shall be equal to the 
given triangle ABC, and have one of its angles equal to D, 



Bisect 5Cin E, (l. 10.) and join AE; 
at the point E in the straight line SC, 
make the angle 0^^ equal to the angle D \ (I. 23.) 
fiirough Cdraw C(3 parallel to EF, and dirough A draw AFO 
parallel to BC, (l. 31.) meeting Ei^in F, and CO in O. 

Then the figure CEFO ia a parallelogram, (def. A.) 
And because the triangles ABE, AEC are on the equal bases BE, 
BC, and between the some paralleh SC.AO; 

they are therefore equal to one another ; (l. 38.) 
and the triangle ABCis double of the triangle AEC; 
hut the parallelogram FECO is double of the triangle AEC, (l. 41.) 
because they are upon the same base EC, and between the same 
parallels BC^Gj 
therefore the paiaUelo^am FECG in eqL.jl to the triangle ABC. ^6.) 
and it has one of its angles CBf equal to the given angle I). 
Wherefore, a parallelogram FECG has been de.^cribed equal to the 
given triangle ABC, and having one of its angles CEF equal to thfl 
^ven angle D. q.e.p. 

PROPOSITION XLin, THEOREM. 



Let ABCB be a parallelogram, of which the diameter is A C: and 
£ff,OFtiie parallelograms abo\itA C, that ia, through which AC pusseu 

also BK, El) the other parallelograms which make up the whole 
Sgnre^SCD, which are theretbre called the oomplemenla. 
3a^i the complement Sff shall te enufil to \iio toin^cmeTa.KIi, 



^ 
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Because ABCD h a parallelograni, atii AC its diameter, 
therefore the triangle AJlCis equal to the triangle ADC. (i. 34.) 
Again, because EKJIA ia B paraJlelogram, and AK its diameter, 
therefore the triangle ^Si'is equal to the triangle ^.ffJP; (i. 34.) 
and for the same reason, the triangle KOC'a eqiml to the triangle KFC, 
"Wlierefore the two trianglea AEK, KGC are equal to the two 
trianglea AHK, EEC, Tax. 2.) 
' but the whole triangle ASC is equal to the whole triangle ADC; 
[ ^erefore tlie remaining complement EK m equal to the remaining 
complement KD. [ax. 3.) 

Wherefore the complements, &c. ft.E,D. 

PROPOSITION XLIT. PROBLEM. 



tet AS he the given straight line, and C the given triangle, and 1> 
the given rectilineal angle. 

It is required to apply to the straight line AB, a parallelogram 
equal to the triangle C, and having an angle equal to the angle D, 



Make the paralleloeram SEFG equal to the triangle C, 

and having the angle EBG equal to the angle D, [i. 12.) 

BO that EE be in the same straight line with AB j 

produce FG to H, 

through.^ draw ^fi^ parallel ts BG oi .EJ", fl, 31.) and join HB. 

Then because the straignt line SF falls upon tie parallels AS, EF, 

therefore the angles AHF, HFE are together equal to two right 

angles ; (l. 29.) 
wherefore the angles BUF, SEE are less than two right angles ; 
but straight lines which with annther straight line, mske the two 
. Jiterior angles upon the same side less than two right angles, do meet 
\ if produced far enough: (ax. 12.) 

therefore SB, FE shall meet if produced ; 

let them be produced and meet in K, 

through .ffdraw EL pnrallel to EA or FS, 

and produce SA, GB to meet KL it vW ^vkir L, "M.. 

Then IftSFis a paraUelogram., o£ ■w^iiEk'eae (ua-oaJw.^"-* »^^-- 
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and AO, ME, are the parallel ograms about SK; 

eiao LB, BFeje the com piemen ta ; 

therefore the complement LS is equal to the complement SF; (1.43.) 

hut the complement BFia equal to the triangle C; (conatr.) 

wherefore Lll is equal to the triun^Ie C. 

And because the angle GB£ is equal to the angle ABM, (i. 15.) 

and Ukewise to the an^e D ; (constr.) 

therefore the angle ABMla equal to the angle B. {rm. 1., 

Therefore to the given Btraight line AB, the jiarallclogriim LB has 

been applied, equal to the triangle C, and baviQg tlie an^jle ABM 

equal Co the given angle D. a.E.F. 

PROPOSITION XLV. PROBLEM. 

TV dticrib* a parallelogram ejimi to a gisai rtBiilineai Jigm 
hading an angle equal to a gitat rectiiiiieal angle. 

Let ABCD be the given rectilineal Bgure, and E the given recti- 
lineal angle. 

It is required to describe a parallelogram that shall be equal to the 
figure ABCD, and haraig an angle equal to the given ' " 




Join BB. 

Deacribe the parallelogram FH equal to the triangle ABB, and 
having the angle FXHeqasl to the angle F; (t. 42.) 

to Qie straight line GS, apply the parallelograra GM equal t 

triangle BBC, having the angle ffifjif equal to the angled. 
(1. 44.) 
Then the figure FKML shall be the parallelogram required- 
Becautie each of the anglea FKH, GIIM, ia equal to the angle E, 
therefore the angle FKH is equal to the angle GHM; 
add to each of these equals the angle KHO; 
therefore the angles FKH, KHG are equal to the anples KHO, GSMi 
but FKH, KHO are equal to two right angles ; [I. 29.) 
therefore also KHG, GHM are equal to two right angles ; 
and because at the point H, in the straight line GH, the two 
straight lines KH, HM. upon the opposite sides of it, make the ad- 
jacent anglea KHG, G^^ equal to two right angles, 

therefore HK'm in the same straight line with HM. [1. 14.) 

And because the line HQ naeets the parallels KM, FG, 

therefore the angle MHO is equal to ihe alternate an pie HGF; (L SB,) 

add to each of these equals the angle HGL ; 
therefore the angles MHG. HGL are equal to the angles HOF, HGZe 
but the angles MHO, HGL are equal to two right anglea ; (i. 29.) 
therefore also the angles HOF, RIJL are eoual to two right Bnglea, 
aad therefore FQ is in the same aUaight'toe -^rilh GL. V\.\M 



r 
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And because KF is parallel to JIG, and SO to ML, 

iJierefore XF is parallel to ML ; (i. 30.) 

and FL has been proved parallel to KM, 

wherefore the figure FKML is s parallelogram j 

i since the parallelogram JIFie equal to the triangle ABD, 

and the paralleloeram GMta the triangle SDC; 

therefore the whole parallelogram KFLM ia equal ta the irhole 

rectilineal figure A BCD. 
Therefore the parallelogram KFLM baa been deacribed equal to 
the given rectilineal figure ABCD, having the angle FKM equal to 
the given angle i'. q.e.f. 

Cor. From this it ia manifeathow, toagiven straightllne, to apply 
a parallelogram, which shall have an angle equal to a giren rectilineal 
angle, and sholl be equal to a given rectilineiil figure ; viz. by applying 
to the given atraight line a parallelogram equal to the first triangle 
ABU, (i. 44.) and having an angle equal to the given angle. 



PROPOSITION XLVI. PROBLEM. 

To deicribe a square ujon a ghen slraighC line. 

Let AS be the given atraigbt line. 



\ 



i 



It ia required to describe a square upt 

From the point ^ draw ^Cat right angles to -4£; (l. 11.) 

make AD equal to ABi (i, 3.) 

through the point -D draw i)£ parallel to J 5 ; (l. 31.) 

and Ihrough B, draw B^ parallel to JD, meeting HE in F; 

therefore ABED is a parallelogram ; 

whence A3 is equal to DE, and AL> to BE ; (l. 34.) 

but AB is equal to AS, 

therefore the four lines AB. BE, ED, DA are equal to one another, 

and the paraHelogram ABED is equilateral. 

It has likewise all ita angles right angles ) 

since AD meets the parallela AB, DE, 

therefore the anglea BAD, ^Zt^ore equal to two rightangles; (1.29.) 

1 but ^/JiJia a right angle; (consti.) 

therefore also ADE is a right angle. 

But the opponite angles of parallelograms are eijual ; (l. 34.) 

therefore each of the opposite angles ABE, BED is a right angle: 

wherefore the figure ABED ia rectangular, 

Land it haa been proved to be equilateral-, 
therefore the figure dBED \a », uppMc, Vii.ol."!Ri>i 
d it is described upon the ^Neti sttaA^X^ioa AB. ci."^-'«- 



Cor. Hence, ever; parallGlDgTam Uiat he^ one of its angles a r 
angle, has all its angles right angles. 

PROPOSITION XXTII. THEOREM. 

Tn rmy rfjii-nnpferf Iriatiffh, the igvare which is detcrihed upon the tida I 

rubleiditig the riifhi angle, « tqual to the cqvarei deicribed upon tht tiilai f 

IcAich contain (Ae Tight angle. 

lietASChe a right-anpletl triaTie-lo, hnvin^ the rip-ht anple BAC. I 

Then the square deacrihed upon the side ISC, ehall be eijual to the J 

Bquares described upon £A , AC. 




On BCdesmbe the square BDEC, fl. 46.) 

andon J^,^ClheB(iuareB GB, HC; 

through A draw AL parallel to BD or C£; {l. 31.) 1 

and join AD. FC. [ 

Then because the angle BACis a right angle, (hyp.) 

and that ihe angle SAO me, right angle, {def. 30.) 

BtratghC lines AC, AG upon the opposite sides of AS, malce 

with it et the point A, the adjacent angles equal to two right ang-Iesj 

.v„.„f„.„ r,^ ;. :. ... , Btraiglit line with .^ff. (I. 14.J 



therefore CA is 



For the same reason, BA and AS ai 



n the EI 



■aight hue. 



le angie 
h of then 



each of them being a right a 

add to each of these equals the angle ABC, 

therefore the wb"le angle ^BUis equal to the whole angle J'JC.(ax.a.) 

And because ihe two sides jiB, BD,aie equal to tlie two sides JIB, 

BG, each to each, end the included angle ^.flZtis equal to the included 

angle FBC, 

therefore the base AD is equal to the base FC, (l. 4.) 
and the triangle ABD to the triangle FBC. 
Now the parallelogram BL is double of the triangle ABD, (l. 41.} 
because they are upon the same base BD, and between the same 
parallela^A'iii 

also the square QB is double of the triangle FBC, 
because these also are upon the same base FB, and between the 

same parEllela FB, GC. 
But the doubles of equals are equal to one another ; (as. 6.) 
therefore the parallelo^am IlL is equal to the square GB. 
Similarly, by joining AB, BK, it can he proved, 
that the paraJleJogrsm CL 18 equal to the aqiiKre HC, 
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'0 Hquarea GB, 



^erefore the Mhole square BDEC is equal tc 
■ BC\ (as. 2.) 

uid the square BDECis described upon the straiRlit line BC, 
and the squared 6B, HC, upon AB, A C: 
therefore the square upon the side BC,ii equal to the squares upon 
the sides .^5, AC. 

n any right-angled triangle, &o, Q.e.d. 



PROPOSITION XLTin, THEOREM. 

tf tht tquaTe deicribad upon ont of thi iidu of a triangle, bt iquat (0 
Uia iguarea demribed upon the oilier liou tida of it; tht angla coiitaineii by 
tiiete two lidea is a right angle. 

Let the gquare described upon BC, one of the sides of the triangle 
ABC, be equal to the squares upon the other two aidea, AB, AC 

Then the angle BAV shall be a right angle. 



From thepoint.^ draw ^D at right auRles to ^C, (i. H.) 

make^ZI equal to ^U, and join DC. 

Tlien, because AD ia equal to AB, 

the square on AD is equal to tlie square on AB; 

to each of these equals add the square on A C; 

therefore the squares on AD, A Care equal to the squares on AB, A C: 

'but the squares on AD, AC are equal to the square on .DC, tl- ^1-) 

because the angle DACib aright angle; 

«nd the square on B C, by hypothesis, is equal to the squares on BA, A C; 

therefore the square on DCis equal to the square on BC; 

and therefore the side DC a equal to the side BO. 

And because the side AD is equal to the aide AB, 

and .dCia common to the two triangles I>.^e, BAC; 

the two sides DA, AC, are equal to the two BA, AC, each to each; 

and the base DC has been proved to be equal to the base BC; 

therefore the angle DaC\& equal to the angle BAC; [I. 8.) 

but DA C is a right angle ; 

therefore aUo BAC is a right angle. 

Therefore, if the square described upon, &c. (I.E.D. 
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ITie first p. 
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of primary iin_ 
things and the things themselves. 



ON THE DEFINITIONS. 
of the most pecfect of the deductive ScienoM, 
simplest induunauB from experience and obBerration, 
n<^iplea at OeaiDetry are therefore in this view oonaiMent 
nded on fa.ctB Cognizable by the senses, and it ia a •ubJHl 
lortance to draw a dislinctiun between the conoeutior ' 
These hypotheses do not involTe i 
property contrary Lathe teal nature of the thinos, and consequently can 
be regarded aa arbitrary, bat in certain respects, agree with the cone 
tions which the things themselves suggest to the mind throngh. 
ihedlum of the scnaea. The esaential detiiiitionB of Geometry therel 
being inductions from obsccvatiaQ and experience, rest ullimat«ly on 
evidence of the senaea. 

It ii by experience we become acquainted with the eiistence of indi- 
vidual forma of msgnitudea ; but by the mental process of abBtraetlOB, 
which begins with a particular instance, and proceeds to the geaetiL 
idea of all objects of the same kind, we attain to the general oonception 
of those forma which come under the same general idea. 

The eaacntiol definitiona of Geometry express generalized conceptioOt 
of real existences in their moat perfect ideal forms : the laus and appeuv 
ances of nature, and the operations of the humEin intellect being uip- 

But in caaea where the subject fkUs under the clasa of simple ideal, 
the terms of the dclinitiona ao called, are no more than merely equivalent 
expressions. The simple idea described by a proper term or terou, doea 
not in fact admit of definition properly ao called. The definitiona in 
Euclid's Eleroenta may be divided into two classes, those which merely 
explain the meaning of the terms employed, aiid those, which, besidei 
explaining the meaning of the terms, suppose the existence of the tl 
described in the definitions. 

Definitions in Geometry cannot be of such a form as to explain Qm 
nature and properties of the figures defined : it is sufficient that they ^va 
marks whereby the thing defined may be distinguished from every other 
of the same kind. It will at once be obvioas, that the definition* of 
Georaetrv. one of the pure sciences, being abstractions of space, are not 
like (he definitiona in any one of the physical sciences. The discove^ 
of any new physical facts may render necessary some alteration or modt 
ficatioQ in the deHnitioQa ot the latter. 

Def. I. SimsoD has adopted Thcon's deSnition of a poiat. Euclif ■ 
definition is, oit^iiov i<TTif on itipot oitir, " A point is that, of which there 
part," or which cannot be parted or divided, as it is eiplainad by 
Proolns. The Greek term o-ij/iiiov, literally means, a visible i^n or moA. 
n a surface, in other words, o phytieal pomt. The English termpoipif, 
leans the sharp end of any thing, or a murk made by it. The word 
_ oint comes from the Latin pimciam, through the French word potM, 
Neither of these terms, in its literal sen^e, appears to give » very exaol 
notion of what is to be understood by a point in Geometry. Euolid'a 
deiinitiDn of a point merely expreaaesa negative property, which exclude* 
the proper and literal meaning of the Greek term, as appUed to denote a 
physical point, or a mark which is visible ta the senses- 
Pythagoras defined a point tabs Mnuai Biiriii /xDuoa, ■■ a monad having 
nosition." By nnitinp the positive idea of position, with the n^atiya 
Wea of defect of magaitaAe, Ule coocepliDiL of a -goVnX in QeomiArj -aa.-; 
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be rendered perliaps more intelligible. A point is defined to be that 
which has no magnitude, but poaitioD only. 

Def. n. Every visible line has both length and breadth, and it u im- 
posaible to draw any line whatever which shall have no breadth. The 
definitian requires the conception of the length only of the line to be 
considered, abn traded from, and independently of. all idea of its breadth. 

Def. m. This definition renders more intelligible the exact meaning 
of tbe' definition of a point: and we may add, thsl, in the Elemenls, 
Euclid supposes that the intersection of two lines is a point, and that two 
lines can intersect each other in one point only. 

Def. rv. The straight line or right line is a term so clear and intel- 
Ugihle aa to be inc^iable of becoming more so by formal definition. 
Euclid's definition is BvBiia ypuuiiri iimr, ^Tit •'£ ijou toIi i<p' I'oiiriji 
■iljuiiow ieiIthi, wherein he states it to lie evenlu, or eguallg, or upon on 
tqualitj/ (t'E lirau) between its extremities, and which Proclus explaina M 
being stretched between its extremities, i) ir' afimm TtTaiiimi. 

If the line be conceived to he drawn on a plane suifnce, the words 
i£ urott may mean, that no part of the line whidi is Called a straight line 
deviates either from one side or the other of the direction which is fixed 
by the extremities of the line ; and thus it may be distinguished from a 
curved line, which does not lie. in this sense, evenly between its extreme 
't. If the line be conceived lo be ilrawn in space, the words :£ laov, 
\ be understood lo apply to every direction on every side of the Une 



Every straight line situated in aplane, is cnnsidcred to have two sides ; 
And when the direction of a line is known, the line is said to be ^vcn in 
.position ; also, when the length is known or can be found, it U said to be 
^vm in magnitude. 

From the definition of a straight line, it fallows, that two points fix a 
^Kraight line in position, which is the l(>uniIa[ion of the first and second 
~aetulBt«s. Hence ctrsigbt lines which nre proved toeoincideintwoormore 
oints, ore called, " one and the same straight line," Prop. 14, Book i, 
r, which is the same thing, thEt "two itraight lines cannot have a 
^^,]nunon se|{menl," ns Simson shews in his Corollary to Prop. II, Booki. 
> Tbe following definition of straight lines has also been proposed. 
" Btrught lines are those which, if they coincide in any two points, coin- 
jeide as far aa they ore produced." But this is rather a criterion of straight 
jiines, and analogous to the eleventh miom, which states that. " all right 
~ln(;lES ara equal to one another," and suggests that all straight lines may 
Sb made lo coincide wholly, if the lines be equal; or partially, if the lines 
e of unequal lengths. A definition should prupcriy be restricted to the 
..leaeription of the thing defined, as it exists, independently of any com- 
parison of its propetlies or <>f tacitly assuming the existence of axioms, 
""' ~"" Eiicliii'a deiinilion of a plane surface is 'ExixiSw iVii^b'- 
Tvt (£ Iffou tqIi !>■ iairriit luHtlaii Kcl-rai, '• A plane surface is 
that which lies evenly or equelly with the straight lines in it'," instead 
if which Simeon has given the definition which was ori){inally proposed 
ly Hero the Elder. A plane superHcies may be supjH^ed to he situated 
~. any poaition. and to be continued in every direction lo any extent. 
Def. vm. Simeon remarks that this definition aeenu to include the 
igles formed by two curved lines, or a curve and a straight line, as well 
, that formed by two siraight lines. 
Angles made by alraight line* oady, sia ViwMA ijS. m. '^iiKoissM.a.t-^ 
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I ECCL1D8 ELEMENTS. 

Def. II. It IB of the hiRhpst impnrtnnce to attain A clear .._ 

of an angle, and of the Bum and ditference of two angles. The hletal 
meaning of the term angulia suogeats the Oeometricsl conception of an 
angle, which mny be regarded aa formed by the divcTOence of two straight 
lines fiom a paint. In the definition of aa angle, the magnitude of the 
angle is independent of the lengths of the two lines hj which it ia 
included ; their mutual divergence from the poiutat which they meet, i» 
the criterion of the magnitude of an angle, na it is pointed out in iha 
sncceeding definitiana. The point at which the two Unea meet is called 



the angular point or the vertex of the angle, and must not be confounded 
with the msgnituds of the angle itself, The right angle is fixed in laaa- 
nitude, and, on fbia aocaunt, it is made the standard with which Sl 



other angles are compared. 

Two atraight lines which actually intersect one another, or wUch 
when produced would intersect, are said to be inclined 10 one another, 
and the inclination of the two lines is determined by the angle whidl 
they make with one another. 

Def. I. It maybe here observed thnt in the Elements, Eaclidalwara 
BsBumes that when one line is perpendicular to another line, the latter u 
also perpendicular to the former; and always calls a right ati</It,6pd^ 
yarta ; but a ilraight line, iCOiia ypoiiiiii. 

Def. zix. This has been restored &om Proclua, as it seems to have a 
meaoinB in the construction afProp. H. Book n : the first case ofPrm, 
33, Book ici, and Prop. 13, Book vi. The definition of the segment of a 
circle is not once allnded to in Book. I, and is not required before the dis- 
cuesion of the properties of the circle in Book in. Proelua remarks on 
this deSnitioni " Henoe you may collect that theeenter hits three place*: 
for it is either within the figure, as in the circle ; or in its perimeter, aa 
in the semicircle ; or without the figure, as in certain conic lines." 

Def. Kxrv-jtxii. Triangles are divided into three classes, by reference 
to the relations oftheir sides; and into three other clHsses, by reference 
to their angles. A further classification may be made by consideriiig 
both the relation of the sides and angles in each triangle. 

In Simson's definition of the isosceles triangle, the word only must bo 
omitted, as in the Cor. Prop, S, Book :, an isosceles triangle may be 
equilateral, and an equilateral triangle is considered iaoacelea in Prop. 16, 
Boot IV, Objection has been mode to the definitioQ of an acute-angled 
triangle. It is said that it cannot be admitted as a definition, that all the 
three angles of a triangle are acute, which is supposed in Def. 28. It 
may be replied, that the definitions of the three kinds of angles point out 
and seem to supply a foundation for a similar distinction of triangles. 

Def. zix-xxxlT. The definitions of quadrilateral fieiirea are luble to 
objection. All of them, except the trapeitium, fall under the general 
idea of a parallelogram ; but as Euclid defined parallel straight lines 
after he had defined four-sided figures, no other arrangement could be 
adopted thaik the one he has followed ; and for which there appeared to 
him, without doubt, some probable reasons. Sir Henry Savile, in hie 
Seventh Lecture, remarks on some of the definitions of Euclid, " Nee 
dissimulandum aliquot harum in manibus exiguum esse usum in Geo- 
metric." A few verbal emendations have been made in some of them, 

A square is a ibur-Biited plane figure having all its sides equal, and 
one angle a right angle ; because it is proved in Prop, 4fi, Book 1, that if a 
paraneiogram have One angle a right angle, all its angles are ri^ht 



1 the B 



four sides, hayiog only its opposile sides equal, ai 



r, may be defined aa a plane Rgure of 



.eofil 



mglefla 



ta opposite sides 



tight angle. 

A rhomliaid is a four-sided plane figure having only it 
equal to one another and its angles not right angles. 

Sometimes an irregulsr fntir-aided figure which has ti 
is called a trapezoid. 

Bef. XXIV. It is possible for twO' right lines never to meet when pro- 
duced, and not be parallel. 

Def. A. The term parallelogram litoraUy implies a figure formed by 
parallel straight lines, and ma; consist of four, six, eight, or any even 
number of sides, where every two of the opposite sides are parallel to one 
another. In the Elements, however, the term is restricted to four-Eided 
figures, and Includes the four speoiea of figures named in the Definitions 

The synthetic method is followed by Euclid not only in the demon- 
strations of the propositions, but also in layino; down the deflniciona, He 
commences with the simplest abstractions, defining a point, a line, an 
angle, a superficies, and their different VBrieties. This mode of proceed' 
ing involTee the difficulty, almost insurmountable, of detining aatiafRC- 
torily the elementary abstractions of OeomelTy. It haa been obseTved, 
that it is necessary to consider a solid, that is, a magnitude which has 
length, breadth, and thickness, in order to understand aright the defini- ' 
tions of a point, a line, and a superficies. A solid or volume considered 
apart &om ita physio^ properties, suggests the idea of the surffices by 
which it is bounded : a surface, the idea of the line or lines which fonn 
ita boundaries ; and a finite line, tha points nhich form its extremitieB. 
A Bolid ie therefore hounded by surfaces ; a surface is bounded by lines : 
and a line is terminated by two points. A point marks position only : a 
line has one dimension, length only, Sind defines distance : a superficies 
lias two dimensions, length and breadth, and defines extension : and a 
■olid has three dimensions, length, breadth, and thichnesa, and defines 
■ome portion of spEice. 

It may also be remarked that two points are sufficient to determine 

I the position of a straight line, and tliree points not in the same straight 

I line, aie necessary to fix the position, of a plana. 



ON THE POSTULATES. 

Tkb deSnitionl assume the possible existence of straight lines and 
I eircles, and the postolates prethcata the possibility of drawing and of 
' lodudns straight lines, and of describing circles. The postulates form 
tie principles of construction assumed in the Elements ; and are, in fact, 
Toblems, the possibiiitj of which is admitted to be self-evident, and to 
equire no proof. 

It must, nowever, he carefully remarked, that the third postulate only 
dinita that when any line is given in position and magnitude, a circle 
lay be described from cither extremitv of the line as a center, and with 
> radius equal to the length of the line, as in Euc. i, 1. It does not 
^mit the descriptioa of a circle with any other point as a center than 
.e of the extremities of the given line. 

Euo. 1. 2, shews how, &om any given point, to dxvn ». *sTi»Jf!».'"cis« 
equal to another straight UiieWlucliM|p.'ien.iii.Tai\^\'Mia«tA-sfi*i»wo- ^ 



STTCLIDa ELEMENTS. 

ON THE AXIOMS. 

Axioms are nnially defined W be aelf-eTident truths, which cann 
lendereil mCFre evident by demonstration j in other words, the axio 
Geometry are theorems, the truth of which is admitted without proof. 
It IB by experience we first become BCijuBinted with the different forms 
of geometrioal mngnitudeB, and the axiom*, or the fandsmentnl ideas of 
their equality or inequality appear to rest on the same basis. The con- 
ception of the truth of the axioms does not appear to be more removed 
from experience than the conception, of the detinitiona. 

Theae axioms, or first piincipies of demons Cralion, are such theorems 
as cannot be resolved into simpler theorems, and no theflrem ought to he 
admitted as a first principle of reasoning which is capable of being de- 
monstrsted. An axiom, and (when it is conyertible) its converse, should 
botb be of such a nature as that neither of them ehould require k formal 

The first and most simple idea, derived from experience is, that every 
magnitude filb a certain space, and that several mngniludes may auocea- 
Bively fiU the same space. 

AJl the knowledge we have of magnitude is purely relative, and the 
most simple relations are those of equality and inequality. In the com- 
parison of magniludea, some are considered aa given or known, and the 
, unknown are compared willi the known, and conclusions are syntheti- 
cally deduced with respect to theequality or inequality of the mngnlludea 
under consideration. In this manner we form our idea of equality, 
which ia thus formally staled in the eighth axiom : " Magnitudes whidl 
coincide with one another, that is, which exactly fill the same space, 
equal to one another." 

Every specific definition is referred to this universal principle. WiOt 
regard ton few more general definitiDDS which da not fuminh an equality, 
it will be found that some hypothesis is always made reducing them to 
that principle, before any theory is built upon them. As for example, 
the deflniiion of a straight line ih to be referred to the tenth axiom ; the' 
dcfijiition of a right angle to the eleventh axiom ; and the definition ot ' 
parallel atmight lines to the twelfth axiom. 

The eighdi axiom is called the principle of superposition, or, 

mental process by which one Oeometricol magnitude may be concrired 
to be placed on another, so as exactly to coincide with it, in the pam 
which ace made the subject of comparison. Thus, if one straight line bo 
conceived to be placed upon another, so that their extremities are coin- 
cident, the two straight lines are equal. If the directions of two liii«t 
which include cne angle, coincide wi h the directions of the two IIlM^ 
which contain another angle, where the points, from which the mgf^ 
diverge, coincide, then the two angles are equal : the lengths of the Imek' 
not affecting in Emy way the magnirodes of the angles. When one plaiMf 
figure is conceived to he placed upon another, so that the boundanei id 
one exactly coincide with the boundaries of the other, then the f 
plane figures are equal. It may also bo remarked, that the converse 
this proposition is not univeiBally true, namely, that when two mag:_ 
tndea ale equal, they coincide with one another : since two magnitadai' 
may he equal in area, as two parallelagrams or two triangles, Euc. i. S5,^ 
S7 ; but Iheii boundaries may not be equal; and, consequcndy, bj^' 
fuperpoaition, the figures could not exactly coincide ! all such figutresi'' 
iawefer, having equal areas, by a difTercnt ananjement of their partii 
^J- be made to comcide exactly. 
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. This azioUi is the criKrion of Qeometrical equality, and ia euentiaUj' 
JifiereDt from Ihe ciiterion of Aiilttmetical equaUtf, Two ncometricu 
^Bgnitudea are equal, when Ihey coincide or ms)' be made to coincide i 
"^ rg abslxact numbcTa are equal, when the}' contain the same agj^rcgate 
jiits; and two concrete nunthcrs are equal, when they contain the 
e nmaber of units of the same kCnd of msgnitAide. It ih at once ob- 
is, that Arithmelieal representationH of Geometrical ma^itudes are 
... odniisiiblein Euclid's oritcrianofOeocnetiical Equality, as he has not 
ixed the unit of magnitude of either the stiaight line, the angle, or the 
iMpeiflcies. Perhaps Euclid inlended that the first seven axioms should 
"^ ! applicable to numbers as well ss to Geometcical magnitudes, and Ihia 
'in accordance with the words of Proclus, who calls the axioms, ooinmDn 



e straight 
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Axiom I. If the straight line AS be equal 
" ;ht line CD; and if the straight 

equal tolhestraighllineCOi E F 

e atraii^ht line AB is equal to ths 
Hob EF. 
Axiomii. Iftholine ^Bbeequal totheline * ^ 

CD; and if the line EF be also equal to the 
Bne OH: then the sura of the lines ^Band EF E f 
la equal to the sum of the lines CD and GIT, 

Axiom III. If the line AB be equal to the * ? 

JuaeCi); and if the line /iFhealaoequal to the 

Sne GB; then (he diffL^rence of ^fl and EF, ? I 

i» BQusl to the difference of CD and GH. 

Axiom IT. admita nf being BicmpUEDd onder the two foil 
\, It the line ^BhB equal to the line (-'i); a b 

ondiftheUnefc'f'fiflffrsaiei/Aiut (he line OH; 

fiiEQtheauni of the lines jlBandfi/'iiyreatw B F 

.Man the sum of the lines CD and GH. 

If the line vlB be equal to the line CD 5 A B 

■Wid if the line EF be less Viim the line UH ; 

-' ai the sum of the lines AB and EF U less E ¥ 

in the Eum of the lines CD and GU, 

Axiom V. also admits of two forma of eseraplificnUon. 

1. If theliuB^abeequaltolhelineCt); a B 

jUldiCthe line fifieoreairt- (Ann the line GU; 

aiett the difference of the lines AB and EF ia E P 

t/realar than the difference of C£l and GU. 

2. If thelineJBbeequal talhelineCfli A ? 

ludif the line EF be less lliaii the line GU; 

fiien the difference of the lines AB and EF is ? ? 

^fAsnthe difference of the lines CD and GU. 

The axiom, " If unequals be taken from equals, the r- 
unequal," may be exempli&cd in the same manni^r. 

Aiiom VI. Iftheline,^Bhedoublcofthe A B 

line CD : and if the line EF be also double of 
the line CD; e f 

then the line .^Sis equal to the line EF. 

Axiom viL If the line .IB be the half of ^ B 

tbe line CD ; and if tha line Et be also the 

half of the line CD ; t 3_ 

then iJieJme^fliaeqtial to tlielineEF, 
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It msy be abserrsd thnt when equal magnitudes are taken from [ii_ 
equal magniturleB, the ^eater remainder exceeda the leaa rtjmsindet hf 
as muoh as the greater of the uttcqunl magnitudes exceeds the less. 

If unequals be taken from unequsls, the remainders are not alwayl 
luiequal ; they mny be equal : also if uuequola be added to unequuls Ihot 
wholes are not always unequal, they may also be equal. 

Axiom IX. The whole is areater than itfi part, and converaelj. &t.' 
part is less than the whole. This axiom appears to assert the coDtranr 
of the eighth axiom, namely, that two magnitudes, of which c — — 
greater than the other, cannot be made to coincide with one auothe 

Axiom z. The property of straight lines expressed by the tentlil 
axiom, namely, " that two straight lines cannot enclose a space," is oba 
viously implied in the definition of straight lines ; for if they enclosed U 
space, they could not coincide between their extreme points, when Out 
two lines are equal. 

Axiom XI. This axiom has been asserted to be a demonstrable tl 
rem. As an angle is a species of magnitude, this axiom is only a pg 
oular application of the eighth axiom to right angles. 

Axiom XII, See the notes on Prop. xxii. Boole i, 

ON THE PROPOSITIONS. 

'WHiKEVBtt a judgment is fonnally expressed, there must be loi 
thing respecting which the judgment is expressed, and something ■ 
wh'oh constitutes the judgmeut. The former is called the iti^'ect of tho, 
propoaition, and the latter, theprediaita, which may be anythuig whicfc. 
can be affirmed or denied respecting the aubjecl. 

The propositions in Euclid's Elements of Geometry may be di-rided! 
into two classes, probltmi and lluoreitit. A proposition, as the temv 
imports, is something proposed ; it is a pmilem, when some Oeometrias] 
is required to be effected t and it is a theorem when some Geo* 



metrical property is to be dtmonjlrated. Every proposition ia natn* 
rally divided into two parts ; a problem consists of the data, at tJUul 
gieen ,- and the guasila, or thitigi required : a theorem, conaista of raa 



rally divided into two parts; a problei 

given; and the quaiila, or thingi requ 

tid^ect oi hypothesU,KaAiheconchiiion,oTpyidicate. He 

between a problem and a theorem i-s this, that a problem consisca oi en 

data and the quiesila, sod. requires solution : and a theorem condsia i 



, . _„ negative; that is, they either aaserl 

property, as Euc. t. 4, or deny the existence of some property, at 
£uc. I. 7 ; and every proposition which is afilimatiTely stated has a con- 
tradictory corresponding proposition. If the affirmative he proved to be 
true, the contradictory is false. 

All propositions may be TJewed oa (1) iiniiiwso7;y ajfirmatiiie, or un{- 
ver3ally negative ; (2) bb paTtidlartii affirmative, or partioilarly negaliva. 

The connected course of reasoning by which any Geometrical trutbbr 
established is called a demonstration. It is called a direct demonstratioa. 
when the predicate of the proposition is inferred directly from the pre- 
misses, as the conclusion of a scries of sucaessire deductions. The de- 
monstration is called indirect, when the conclusion shows that the intro- 
duction of any othei supposition contrary to the hypothesis stated in the 
proposition, necessarily leads to an absurdity. 

It has been remarked by Pascal, that " Geometry is almost the only 

gnbject «B to which we find truths wherein all men agree ■ ""'' ""- — ' 

-'tbiais, liai Geometers alone regard the true 1b™» «i( 
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Q^Jieaeue enumerated bj' liim 09 eight in. number, "1. To define nothing 
which eaimol be eipresBed in cloarsr terms ihan those in which il 'u 
Bh-eady eiprcsecd. 2. To Icitvc no obscure or equivocal terme undeHned. 
3. To employ in the definition no terms not already known. 4. To 
□mit nothing in tlie priiiciplea from which wa argue, unless we are sure 
it is granted. 6. To lay down no axiom which is not perfectly evident, 
6. To demonstrate nothing which in as clear already as we can malce It, 
T. To prove every thing in the least doubtful by means of self-evident 
sxioms, or of propositions already demonstr&tcd. S. To substitute 
mentally the definition instead of the thing defined." Of these rules, he 
HBya, "the first, fourth and sixth ore not absolutely necessary to avoid 
error, but theo^er Hve are indispensable ; and though they may be found 
in hooks of logic, none but tlie Geometers have paid any regard to them." 
The course pursued in the demonstrations of the propoBitions in 
Euclid's Elements of Geometry, is always to refer direclJy to some ex- 
pressed principle, to leave nothing to be Inferred from vague expressions, 
and to make every step of the demonstrations the abject of the under- 
Btanding. 
J, It hag been maintained by some philosophers, that a genuine defini- 
Du contains some property or properties which eon form a basis for 
mon^lration, and that the science of Geometry is dedaced &om the 
flnitions, and that on them alone the denionstratians depend. Others 
{fe maintained that a definition explains only the meaning of a term, 
A does not embrace the nature and properties of the thing defined. 
' If the propositions usudly called postulates and axioms are either 
(ally assumed or expressly stated in the definitions ; in this view, de- 
dnstrattons may be eaid to be legitimately founded on definitions. If, 
1 Oie oUier hand, a definition is simply an explanation of tho meaning 
'b term, whether abstract or concrete, by such marks as may prevent a 
faconoeption of the thing defined ; it will be at once obvious thut soma 
aifltructive and theoretic principles must be assumed, besides the defini- 
^H.' — ^ form the ground of legitimate demonstrotion. These principles 
loeive to be the postulates and axioms. The postulates describe 
IS which may be adroitied as possible by ifirect appeal to oui 
nerience; and the axioms assert |;eneral theoretic truths so simple 
Dd aelf-evident an to require no pioof, but to be admitted as the assumed 
I principles of demonstration. Under this view all Geometrical 
lOnings proceed upon the admission of the hypotheses assumed in 
definitions, and the unquestioned possibility of the postulates, and 
truth of the axioms. 
Deductive reasoning is generallydeliveredinthefonnofanenthymeme, 
■ an argument wherein one enunoiatian is not expressed, hut is readily 
pplied by the reader: and itma^be observed, that although this is the 
duiaty mode of speaking and writing, it is not in the strielly syllogiatio 
rm j as either the majnr or the minor premiss only is formally stated 
fbre the conclusion : Thus in £uc. i. 1. 

Because the point J is the center of the circle BCD ; 
therefore the straight line AB is equal to the straight line AC. 
The premiss here omitted, is : all stiuight lines drawn &om the center 
a circle to the circumference are equal. 

In a similar way may be supplied the reserved premiss in every enthy- 
jme. The conalnsion of two enthymemea may form the major andniijst 
.emiss of a third syllogism, and so on., wuVX^iUR B.tv^ ^TiK/es." "' ~"~° 
reduced to the strictly ayllogiatio foim. fu\4.'vn.'™a ■«' 
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tliat the general theorema of GEametry ore demonstrated by n 
bj-llDgiama founded on the aiioma and definitions. 

Every ByllogiBin consists of three prnposiliona, of which, two are oalled 
the premisses, and the third, the conclusion. These prapositions Contain 
ihrce tEirma, the subject nnd predicate of the conclusion, and the middle 
term which connects the predicate and the conclusion together. The 
Euhjcct of the conclusinn is called Che minor, and the picdicute of the con- 
clusion ie called llie mnjor term, of iLe Hyllogibm. The major term appears 
in one piemiss, and the minor term in the other, with the middle teim, 
which IB in both premisseB. That premisa which contains the middle 
term tind the major term, is called the taajor premiia; and that whichj 
containB the middle term and the minor term, is called the tnijiotpt 
of the sylloeism. Ab on example, we may take the ayllogiam in the de 
atiation of Prop. l.Book 1, wherein it will he Been that the middle te 
the subject of uie major premisa and the predicate of the minor. 
Major piemiBs; because the straight line^Sis equal to thestraight line jlt 
Minor premiss : and, because the straight lice £C is equal t< ' - - • 

Conclosiou: therefore the straight line fiC is equal to the straight line ^C 

Here, BC is the subject, and AC the predicate of the concli ' 
BC is the subject, and AB the predicate of the minor _ 
AB ia the subject, and AC the predicate of the major premifiH 

Also, ^(7 is the major term, £6'the minor term^ and j1£ the middletttj 
□f the syllogism. 

In this syllogism, it may be remarked that the definition t . . 
line is assumed, and the detinition of the Geometrical equality of 
straight lines ; also that i, general theoretio truth, or axiom, fornu 
ground of the cocclusiou. And further, though it be impossible to il._ 
any point, mark or sign (irniiii'"') which haa not both length and breadt 
and any line which has not both length and breadth; the dcmonatrati^ 
in Ocometry do not on this account becom^iuTBlid. For they are pursnc 
on the hypothesia that the point has no parts, but position only: andth 
line has length only, but uo breadth or thickness ; also that the alir&c 
has length and breadth only, but no thickness : and all the concluaitu 
at which we arrive are independent of every other consideration. 

The truth of the conclusion in the syllogism depends upon the trul 
of the premissca. If the premisses, or only one of them be not true, Vt 
conclusion is false. The conclusion is said tofoUoafrvm the premT 
whereas, in truth, it is containcdin the premisses, llic expression 



a that the conclusion faltims from the premisses in order of 

B far aa reference is made to the mind's apprehension of the 'whol 

argument. 

Every proposition, when complete, may he divided into six parts, » 

Proclna has pointed out in his commentary. 

1 . The propatiiion, or general eiamciatian, which states in general tem 
the conditions of the problem or theorem. 

2. TAe cxpoiition, or particular enunciation, which exhibits the siUjat 
of the propnsilion in particular terms aa a &ct, and refers it to som* 
diagram described. ' 

3. The determination contains the predicati in particular tennj, as It 
is pointed out in the diagram, and directs attention to the demonstratuui,' 

Ity pronottnelag the tbiag sought. 



r 
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The conalrucCion applies the postulates to prepare the diagram for 
die demoiutration. 

5. T/u demonilTalirm a the connexion of BvilogiBnis, which prore the 
truth or falsehood of the theorem, the posBibi'ily or ioipoBSibiKty of the 
problem, in that paitieuls,r case exhibited in the diagrBm, 

6. The coiictmion is merely the repetition of the general enunoiation, 
wherein the predicate is asserted as a demonstrBled truth. 

Prop, 1. In Ihe first two Books, the circle is employed as a mo- 
chanical Instrument, in the same manner aa the striiight line, and the use 
made of it reels entirely on the third postulote. Ko properties of the 
ciicle are discussed in theee boolis beyond Ihe definition and the third 
poamlato. When two circles are described, one of which hai ita center in 
the circumterenoe of the other, the two circles being each of them partly 
within and partly without the other, their circumferences must interseot 

Leach other in two points ; and it is obvious from the two circles cutting 
««ch other, in two points, one on eaeli side of the given line, that two 
equilateral triangles may he formed oa the given line. 

Prop. n. 'When the given point is neither in the line, nor in the line 
Oroduced, thia problem adniita of eiyht different lines being drawn bom 
!Bie given point in different directions, every one of which is a aoluliotl 
at the problem. For, 1 . The given line haa two extremities, to each of 
%liich a line may be drawn from the given point. 2. 'llic equilatocal 
itriangle may be described on either Eide of this line. 3. And theside 
AD of the equilateral tr' ' ' ■ > — 

Sut when the given um..— ..•.<> 
'Aiced, the distinction which aria 
Vith tile given point, no longer e. 
the problem. 

The construction of this problem assumes a neater form, by first de- 
(Cribing the circle CGff with center B and radius BC, and producing OB 
Oie side of the equilateral triangle DBA lo meet the circumference in O : 
ilext, with center D and radius DG, describing the circle GKL, and then 
J^oducing DA lo meet the circumference in L, 

By a smiilar construction the leas cf two given straight lines may be 
produced, bo that the less together with the part produced may be equal 
1(0 the greater, 

l^op. Ill, This problem admits of two solutions, and it is left unde- 
terrained from which end of the greater line the part is to be cut off. 

By means of this problem, a Btraight line may be found equal to the 
fitun or the difference of two given lines. 

Prop, IV. This forma the lirst case of equal triangles, two other cases 
BW proved in Prop. vui. and Prop. Uvi, 

The term base is obviously taken fioia the idea of a building, and the 
. fame may be said of the term allilvde. In Geometry, however, these 
tQims are not reBniclbd to one particular position of a figure, as in the 
case of a. building, but may be in any position whatever. 

Prop. v. Proclus has K'ven, in his commentary, a proof for the 
MualiCy of the angles at the base, without producing the equal aides. 
! construction tollowa the same order, taking in AS one side of 
JEOGceles triangle JBC, a point D and cutting off (rata AC a part 
iAS equal to AD, and then joining CD and BE. 

rollary is a theorem wluch results from the demonitratiQn.sA 
Ikproposillan. 
'^ ■" . ia the converse of one -501! qI"Sxo^.-». C>v,e'it«^«s*»™- 
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U defined to be the cdiuktm or anathet when the hrpotheBiB of tha 
ibnner becomeB the predicate af the latter ; end vice Tersa. 

There is beEides this, enothei idnd of conversian, when a theoreiB, 
IBB several hfpotheaca eod one predicate; b; Hasumiii^ the predicate 
nd one, or more thiuione of the hypotheses, some one of the hyjiothesec 
{nay be inferred as the predicate of the converse. In this mannei^ 
Prop. Tin. is the converse of Prop. iv. It may here be observed, 
that ctmvcrse theoremu are not uniTeraally true ; as for instance, tho 
following direct proposition is universally true; "If two triangles havft 
their three sides reepccllTcIy equal, the three angles of each shall b« 

Feetively equal," But the converse is not universaUy true ; namelT^ 
two triangles have the three ancles in each respectively equal, 
the three sides are respectively equal." Converse thcoremg requirai 
in some instances, the eonsideration of other couditions than thoa^ 
which enter into the proof of the direct theorem. CoH'Cerae and conCron 
propositioos are by no means to be confounded ; the conlrnry propoeitloQ 
denies what Is asserted, or asserts what is denied, in the dirtd f — ^^ 
position, hut the subject and predicate in each are the same. A coiitr . _ 
prepoailion is a completely coRiradidatT/ prepoaittoH, and the distinctio] 
'ats in this — that tieo contrary prapoiitiona may both be falee, bn 
10 coHlradielory prigioiitioni, one of them must be true, and t' 
other &Ise. It may here he remarked, that one of the most commi. 
intellectual mistakes of learners, is fo imagine that the denial of ■ 
proposition is a legitimate eround for affirming the contrary as true! 
whereas the rules of BouncT reasoning allow that the affirmation of B 
~ oposition OS true, only affords a ground for the denial of the cantrsr] 

Prop. VI. is the first instance of indirect demonBtrations, and thej 

2 more suited for the proof of CDnrersH propositions, J '* "^ — ' ~ 

, .aitiana which are demonfitrsted es absurdo, are proper ^ ^ ._ 

demonstrationB, according to the Greek notion of analysis, which S 
■apposed the thing reijuired, to be done, or to be true, and then eheVL __^^ 
the consistency or inconaiatency of this conamiction or hypothesli 
with Cruthe admitted or already demonstrated. 

"n indirect demonBtrations, where hypotheses are made which ■ 
true and contrary to the truth stated in the proposition, it tea 
desirable that a form of expression, should be employed different ftc 
that in which the hypotheses are true. In all cases therefore, wheUb _ 
noted by BncUd or not, the words if poasibls have been introdnceiS 
ne such qualifying eipression, as in Euc. i. 6, so as not to leavl 
the mind of the learner, the impression that the hypothes' 
which contradicts the proposition, is really true. 

Prop. vni. When the three aides of one triangle are ahewn. 1.^^^ 
coincide with the three aidea of any other, the equaUty of the trinnglffl 
'a at once obvious. Thia, however, is not stated at the conclusion a 
Prop. Till, or of Prop. iivi. For the equality of the areas of tw 
coincident triangles, reference is always made by Euclid to Prop. rv. 
A direct demonatration may be given of this proposition, and E 
TH. may be dispensed with altogether. 

Lei the triangles ABC, DEF be so placed that the base BO r ^ 
'oincide with the base EF, and the vertices A, D may be on oppositi 
I'l/ea ot SF. Join AD. Then because EAD is an isosceles tritingU^ 
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rangie EAF is equal to the angle EDF, (ai. 2 or 8) : or tlie angle 
BDC is equal to the angle EDF. 

Prop. tn. If BA, AC he in the same straight line. This problem 
then becomes the same as Prob. xi. which may be regarded aa drawing 
& line which bisects an angle equal to two right angles. 

If FA be produced in the fig. Prop. 9, it bisects the angle which 
ia the defect of the angle BACfromfuur right angles. 

By means of this problem, any angle may be divided into foui, 
eight, sixteen, &c. eqaal angles. 

Prop. I. A Snite straight line may, by this problem, be divided 
Into four, eight, siiteen, &c. eqnal parts. 

Prop. Ti. When the paint is at the extremity of the line; by 
the second postulate the line maybe produced, and then the construction 
applies. See note on Euc. III. 31. 

The distance between two points is the straight line which joins 
he points ; but the distance between a point and a straight line, is 
he mnrtest line which can be drawn from the point fo the line. 

From this Prop, it follows that only one perpendiciilBi can be draim 
from a given point to a given line; and this perpendicular may be 
shewn to be less than any other line which can be drawn from the 
given point to the ^ven line : and of the rest, the line whiuh is nearer 
to the perpeitdicnlar is less than one more remote from it: also only 
two equal straight lines can be drawn &om the same point to the line, 
one on each side of the perpendicolar or ttie least. This property 
is analogous to Euc. in. 7, 8. 

The coroUary to this proposition is not in the Greek teict, but 
was added by Simeon, who states that it ''is necessary to Prop. 1, 
Book m., and otherwise." 

Prop. XII. The third postulate requirt's that the line CD should 
be drawn before the circle can be described with the center C, and 
ndius CD. 

Prop. xrv. is the converse of Prop. mi. "Upon the opposite sides 
of it." If these words were omitted, it is possible for two lines to make 
with a third, two ni;gles, whioh together are equal to two right angles, in 
such a manner that the two lines shall nut he in the same straight line. 

The line BE may be supposed to fall above, as in Euclid'e figure, 
or below the line SD, and the demonstration is the same in form. 

Prop. XV. is the development of the definitionof an angle. Ifthe lines 
at the angular point be produced, the produced lines have the same incli- 
— ^ — •- — B another as the origintd lines, but in a different poaitiou. 
Erse of this Proposition is not proved by Euclid, namely ; — 
If the verticEd angles made by four straight lines at the same point 
be respectively equal t» each other, each pair of opposite lines shall 
*ie in the same strniEht line. 

Prop. Kvii, appears to be only a corollary to the preceding pro- 
position, and it seems to be introduced to esplain Axiom sii, of which 
it is the converse The exact truth cespectiog the angles of B triangle 
is proved in Prop. xxxn. 

Prop, xviii. It may here be remarked, for the purpose of guardinE 
the student against a very common mistake, that in this proposition 
and in the converse of it. the hypothesiK is stated before the jiredicote. 

Prop. Kii. is the converse of Prop, xviii. It may be remarkE*, 
' t Prop. 3£ix. bears the same relalloiv to Eio^. t-^iiv., aa^ivi^- ■'"^ 

■6 to Prop. V. 




64 Euclid's elements. 

Prop, IX. The following corollary arises from this p»i 

A attai^sht line is the Bhorteat distance between t\- — 
he Btraight line BO is always lesB tlian BA and AC 
the point J may be (o the line BC. 

It may be easily shewn from this proposition, that the diSereace 
of any two sides of a triangle is less than, the third side. 

Prop. siTi. When the sum of two of the lines is eqnal 
-when it is less than, the third line; let the diagrsma be describedi 
and they will exhibit the impassibility implied by the restriction laid 
down in the Propositioa. 

The same ramark may be made here, as was mode nnder the first 
Proposition, namely; — if one circle lies partly within and partly withnnt 
■nother circle, the circumferenceB of the circles intersect each othet 

*rop. xxiiT. CO might he taken eqnal to CE, and the conalraatiaftj 
effected by means of an isosceles triangle. It would, however, be leMi 
general than Encliil'a, hut is more conTcnient in practice. 

Prop. xxiT. Simson makes the angle EDG at JJ in the line EDf 
the side which U not the greater of the two ED, DF; otherwise, thlcV 
different eases would arise, as may be seen by forming the diffes'^U 
figures. The point G might tall below or upon the base EF prodnced 
■a well as above it. Prop. xxiv. end Prop. xiv. bear to each otiuS' 
'he same relation as Prop. iv. and Prop. vin. 

Prop. XXVI. This forms the third case of the equality of two tri- 
angles. Every triangle has three sides and three angles, and whea' 
■ny three of one triimgle ace given equal to any three of another, thgt 
triangles may be proved to be equal to one anather, whenever tilS' 
throe magnitudes gicco in the hypothesis are independent of one another.. 
Fi6p. IV. contains the first case, when the hypothesis coasista of two 
■ides and the included angle of each trianjile. Prop, viii, ' ~ 
the second, when the hypothesis consists of the three side 

triangle. Prop, livi, contains the third, when the hypotheai 

of two angles, and one side either a^acent to the equal angleB, i 
opposite to one of the equal angles in each triangle. There ii '~ 
lase, not proved by Euclid, when the hypothesis consists of i .__^,^ 
tnd one angle in each triangle, but these not the angles iucluded by 
he two given sides in each triangle. This case however ia onlj' U — 

If Cko triangUa have two lidea of oMs n/ Hem tgual to tjoo tidet nf Ai 
otlixr, each to eacA, and have alto the angles opposite to oils of Iha ejual ncfsi 
in took triangle, equal to oru another, and if Ihi anglei uppnsile (D the oMn 
tgval liiiee be both acute, or both obtuse anglei ; then thall f Ae third tiiUi 
i^ ejimi in each trianglB, as alia (As remaining auglei of the a 
smaining angles of the other. 

Let 4BC, DEP bo two triangles which have the sidea AB. rfO eqiul 
the two ^ides DE, DF, each to each, and the angle ABC equal to tlM 
angle DBF-, then, if the angles ACB, HEF, be both m-Me, or both tOt "" 

angles, the third side BC shall be eqnal to the third side EF, and a 

'he angle BCA to the angle HPI), and the angle BAC to the angle EDP. 

First. Let the angles ^CB, DFE opposite to the equal sides .Alfa 

DE, be both acute angles. 

//.^ifboBotcgual to£F,IetaCbe thegrealer.andfrom BC, c 
f^egual to EF, and join AG. 
' iFhea ia the Crianglea ABG, DBF, Eue, i. V ,1G ia w^ii la DP< 
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tftdlheanste AGB to DFE, But since ^ (7 is eqiial to SF, ^G is equa] 

"■ and therefore the engle ACG is eqnal to tLe angle AGO, which 
^ an acute angle. But hu^ause AGC, AGS are together equal 

fo two right angles, and that AGO is an acute aitgli>, AGB must he 

obtuse angle ; which is absurd. Wlierefore, BC is not unequal 

EP, that ia, BC is equal to EF, and also the remaining angles ot 
i tiiangle Co the remaining angles of the other. 

Secondly. Lee the angles ACB, DFE, he both ohfusa angle). By 
.proceeding in a similar way, it may be shewn that BC cannot be 
-'herwise than equal to EF. 

li AGB, DFEhaholh right angUt! the case falls under Euc. i. 26. 

Prop. xxTiT. Alternate angles arc detined to be the two angles 
'Which two straight lines make with another at its extiemitiea, but upon 
tifipasile sides of it. 

When a straight line intersects two other Etrsight lines, two pairs of 
tltemDte angles are farmed by the lines at their iiiteraectiDns, aa in the 
figure, BEF, EFC are alternate analea ai well as the angles ABF, EFD. 

Prop, ixvili. One angle is called ■' the eaterior angle," and another 

lie interior and opposite angle," when they are formed on the eame 
•ide ofnatraigbt line which, falls upon or intersects two other Btraight 
iinea. It is also obvioufl that on each, side of the line, thera will be two 
;eitecior and two interior and opposite angles, The exterior angle . 

lias the angle GBD fot its ciirrespondir ' - ■ - - ' '-- — 

ilso the exterior angle FBD has the a 
{ippasit« angle. 

Prop, xux is the conyerae of Prop, ilsvii and Prop, itsvni. 

Ab the deiinition of parallel atrniglit Iinea simply describes tlism 
ly a statement of the negative properly, ths.! they never meet ; it is 
Secesaary that some positive property of paratltl lines should be assumed 
^'' an axiom, on which reasonings on such lines may be founded. 

Euclid has assumed the statement in the twelfth axiom, which has 
been objected to, aa not being self-evident. A stronger objection 
'Appears to be, that the cnnverse of it forms Euc. i. 17 ; ibr both the 
BsBumed axiom and its oonvecse, should be so obvious as not to require 
-formal demonstration. 

Simaon has attempted to overcome the objection, not by any inniroved 
■ definition and a.iiom respecting parallel lines; but, by consic'eriiiij Euclid's 
twelfth axiom to be a theorem, and for ita proof, assumiii" two deiinilioiis 
ad one axiom, and then demonstrating iivu Buhsidiarv Frupositions, 

Instead of Euclid's twelfth axiom, the following has been proposed 
I a mare simple property for the foundation of reaaaninga on paraUel 
Enea ; namely, " If a straight line fall on two paroUel straight lines, 
the alternate angles are equal to one another." In whatever thia may 
exceed Euclid's definitiou in simplicity, it is liable to a similar objection, 
'^eiug the converse of Euc, i. 27. 

Professor Playfolr has adopted In his Elements of Oeometry, that 
Two straijjhl lines which intersect cne another cannot be both parollEl 
) the some straight line." This apparently more simple axiom follows 
B a direct inference from Euc. i. 30. 

But one of the least objectionable of all the deSnitions which have 
,been proposed on this aubject, appears to be that which aimply expresses 
.the conception of equidistance. It may be formally staled thuRv 
i" Parallel lines are such .ts lie in the fiame ■^\kbe, wmi -«^fio.-iiK'4"3i. 
recede from, nor npproacli to, each, olker," T^ ladi-^is* 'Ct« t--" 
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Tel 

n additional reason tor this definition being preferred, it may 
be leniBrkcd thut the meaning of tiie terms ypufi^ol irapdKXiiXni, guggests 
!t idea of anch lines. 

icoount of tliirtj- melhoils wliich have been proposed at different 
bi avoiding tlie difficulty in the twelfth asioni, will bs 
found in the sppendii to Colonel Thompaan'a " Geometry without 
Ajdoiha." 

Prop. xis. In the diHgram, the two linen AB and CD 
ine on each aide of the line EF: the proposition may also 
when both AB and CD are on the Bame aide of BF. 
Prop, isiii. From this propositioi 



ianglo be equal to the sum of the other two angles, 1 
ght angle, aa is shewn in Euc. ui. 31, and Chat each, of the angLss. 
equilateral triaagtc, is equal to tvio thitda of a right angle, a4 



. a shewn in Euc. it. 15. AJao, if one angle of an iaosceles triangle 
be a right angle, then each of the equal angles is half a right angle, — 
'n Eue, ir. 9. 

The three angles of a triangle may be shewn to be equal to n . _^ 
light angles without producing a side of the triangle, by drawing thronglt 
any angle of the triangle a line parallel to the opposite aide, as Proclu^ 
has remarked in his uammentary on this proposition. It is maniTeat 
from this propositian, that the third angle of a triangle is not inde-^ 
pendent ofthe sum of the other two ; hut is known if the sum of any 
is known. Cor. 1 may be also proved hy drawing lines from Kaf 
of the angles of the figure to the other angles. If any of th| 
sides of the figure bend inwards and form what ore called re'enterini 
angles, the enunciation of theae two corollaries will require — — ^^ 



modification. As Euclid gives no definition of re-entering angles, 
may fairly be concluded, he did not intend to enter into ' 
ofthe properties of figures which cnntain such angles. 



t fairly be concluded, he did not intend t 
e properties of figures which cnntain sui ' 
Prop, xzxin. The words "towards the , ^ 

restriction ; for if they were omitted, it would be doubtful whethee 
■"le estremitiea A, C, and B, D were to be joined by the lines AC 
!D 1 or the extremities A, D, and S, C. by the lines AD and BC. 
Prop. XXXIV. If the other diameter be drawn, it may be sbewlf 
that the diantetera of a parallelogram bisect each other, as well as bisect 
the area of the parallelogram. If the parallelogram be right angled, 
the diagonals ore equal ; U' the parallelogram be a square or a rhombut, 
the diagonals bisect each other at right angles. The converse of 'dlii 
Prop., namely, " If the opposite aides or opposite angles of a quadrilami^ 
figure be equal, the opposite sides shall also be parallel; that iB, tlU 
figure shall be a parallelogram," is not prated by Euclid. 
Prop. xxzT. The latter part of the demonstratton it 
Tery intdligibly. Simson, who altered the demonstration, seemg ii 

._ :3__ . — . eziums ofthe same form and magnitude, and ft. 

e the triangle ABB; and from me other, the G 
angle DCF ; and then the remainders are equal by the third axioi. ,^^ 
thM is, the paralleiogjam ABCD is equal to the parallelogram BBCf. 
OAerwise, the triangle, whose base is DE, (fig. 2.) is taken twice fiing 
>ftg trapexiam, vrbich would appear to be imposMble, if the «■ ^^^ 

Web Euclid applies the third aztom, is to be TWavneiVote. 
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Itmay be obaetyed, tliBt the two pBrallelogramB exhibited in fig. 2 
pBTtiolly Ue <!□ one nnnCher, Bud that the triangle whose base is fiC is a 
iommon part of them, hut that Che triangle whose base ia DE ie entirelj 
Witbout both the pariUlelogrnmg, After having proved the triangle AB£ 
equal to the triangla OCF, if we take from these equals (fig. '!,) the 
iriEingle whose base is DE, and to each of the remainders add the 
rtriangle whose base is BC, then the parallelogram ABCD ia equal to 
6ie parallelogram EBCF. In fig. 3, the equality of the parallelograms 
ABCD, EBCF, is shewn by adding the figure EBCD to each of the 
(dangles ABE, UCF. 

In this proposition, the word eqital assunieB a new meaning, and U no 

ger restricted to mean coincidence in all the parts of two Bguies. 

Prop. xxxTiii. In this proposition, it ia to be understood [bat the 

les of the two triangles are in the same straight line. If in the 
diagram the point E coincide with C, and D with A, then the angle 
ef one triangle is supplemental to the other. Hence the fallowiTig 
property ; — If two triangles have two sides of the one respectively equiS 
"" two sides of the other, and the contained angles supplemental, the 

triangles ore equal. 

A distinction ought to be made between equal triangles and eqiiwalent 
triangles, the former including those whose sides and angles macnally 
eoincide, the latter those whose areas only are equivalent. 

Prop. xxxa.. If the vertices of all the equal triangles which can be 
described upon the same base, or upon the equal bases as in Prop. tO, 
be joined, the line thus formed will be a straight line, and is called the 
locus of the vertices of equal triangles upon the same base, or upon 
equal husea, 

A locuB in plane Geometry is a straight line or a plane curve, every 
point of which and none else satisfies a certain condition. With the 
exceptioii of the straight line and the cirule, the two most simple loci ; 
nil other loci, perhaps including also the Cuniu Sections, may be more 
readily and efTecluiUly investigated algebraically by means of their 
rectangular or pilar equations. 

Prop. xLl. The converse of this proposition is not proved by Euclid ; 
viz. If a paralletc^amia double of a triangle, and they have the same base, 
or equal bases upon the same straight line, and towards the same parts, 
they shall be between the same parallels. Also, it may easily be ahewil 
thatiftwoequaltriongles are between the same parallels j they are either 
upon the same base, or upon equal bnaes. 

Prop. KLiv. A parallelogram described on B straight line ii said to 
be applied to that line. 

Prop. XLV, The problem ia solved only for a rectilineal figure of four 
Bides. If the given rectilineal figure have more than four sides, it may 
be divided into triangles by drawing straight lines trom any angle of the 
figure Co the opposite angles, and then a paiullelogtam equal to the tliird 
triangle can be applied to LM, and having an angle equal to E; and 
BO on for all the triangles of which the rectilineal figure is composed. 

Prop. XLTi. The square being considered as an equilateral rectangle, 
its area or surface may be expressed numerically if the number of lineal 
units in a side of the square be given., as iBihewninthenoteonProp.i., 
Book It. 

The student will not fail to remark the analogy which eitiats, VniV-Heea. 
Ule area of a tquare and (Ab prorfucl of two eqwiV ixurtJievs , ^■sA>»^-«««' 
iie tide of a square and the sjiiave /goi o/ tt tiuniber . T^est «■, 'B5™«'« 
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this diatinotion to be obeeired i it Es always possible to find the , 
of two equal numbers, {or to find the sqxaire of a nnmbsr, as it it UBnftll 
called,} and to doBcribe B aquare on a given line: but conversely, thougl 
the aide of a giveu square is known from the figure itself, the eiatf 
number of units in tbe side of a square of given area, can only be fcnln( 
exactly, in auoh oases where the given numlkr is a square nuniher. Fm 
example, if the area of a square contain 9 square units, then the sq-asjf 
root of 9 or 3, , indicates the number of lineal units in the side of tiial 
Bqu&re. Again, if the area of a square contain 12 square units, the ddt 
of the square is greater than 3, but less than i lineal units, and there 11 
~io number which will exactlyeipressthe side of that square: onapproxi- 
aation to ths true length, however, may be obtained to any afaigned' 
d^ee of accuracy. 

Prop. iLvii, In a right-angled triangle, the side opposite to the rigl 
angle is c&Ued the hypotenuse, and the other two sides, the base an 
perpendicular, according to thc^ position. 

In the diagram the three squares arc described on the outer sides I 
the triangle ASf.', ThcPropositionmay also bedemonstrated (1) whe 
the three squnres are described upon ttic inner sides of the triangU;{'_ 
when oae square is described on the outer aide and the other two Equare* 
~ the inner sides of the triangle : (,3) when one square is described on ttu' 
er side and the other two squares on the outer sidi>s of the triangle. 
As one instance of the third case. If the square BE od the hypote- 
le be described on the inner side of BC and the squares BG, BC od 
outer aides al AB, AC; the point D falls on the side FG (Enolid^i 

fig.) of the square BG, and X'ff produced meets CF.iaE. Jjei LA 

' ■' Join DA ! then the square GB and the oblong LB aie 

the triangle BAB, (Euo. I. 41.); and similarly by joining 
the square HC and oblong LC are e4icli double of the triangle EAC 
'Whence it follows that the aqusces on the sides AB, AC are together) 
equal to the square on the hypotenuse BC. 

By this proposition may be found a square equal to the sum of any givei 
squares, or equal to any multiple oi a given square : er equal to tb 
hifference of two given squares. 

The truth of this proposition mny be exhibited to the eye in somi 
particular instances. As in the case of that right-angled triangle whon 
three sides are 3, 4, and fi uniM respectively. If through the points o 
division of two contiguous sides of each of the squares upon the sides, linetf 
be drawn parnllel to the sides (see the notes on Book ii.], it will be ob-* 
vious, that the squares will be divided into Q, 16 and 15 small squares, 
each of tlie name magnitude ; and that the number of the small squtreil 
Into which the squnres on the perpendicular and base ore divided is equal 
'o the number into which the square on the hypotenuse is divided. 

Prop. XLVJtl is the converae of Prop, xl.vii. In this Prop, is aasn 
the Corollary that " the squares described upon two equal linea a 
equal," and the conveise, which properly aught to have been appetided! 
to Prop. ILVI. 

The First Booh of Euclid's Elcmients, it has been seen, is convenant 
with the construction and properties of rectilineal figures. It first laytf 
dowa the definitions which limit the subjects of discussion in the First> 
Book, next the three postulates, which restrict the inatruments by wWol«' 
the conaCniations in Plane Geometryare effected ; and thirdly, the twelve 
; which express the principles by which a comparison ia n '" 
a the ideas of the things defined. 




QUESTIONS ON BOOR I. 59 

■' TMb Buck may be divided into tliree parts. TUe first part treats of 
'le origin and pcopfrti{!S of triangles, both wiUi respect to their aides nnd 
iffles ; and the comparison of these mutually, both with regard to equality 
1 inequality. The second part treats of the properties of parall^ lines 
. d of parallelogmms. The third part exhibits the connection of the 
VTopertics of triangles and pBralloIograms, and Che equality of the squaiea 
ita the base and peipendiculsi of a right-angled triangle to the squnre 
n the hypotenuse. 

_ When the piopoMtions of the First Book have been read with the 
totea, the student is recommended to use different letters in the diagrams, 
and where it is possible, dia^ams of a form somewhat different from Ihnse 
exhibited in the teit, for the purpose of testing the accuracy of his know- 
Ifidge of the demonstrations. And further, when he has became sufiitt* 
Mitly familiar with the method of geometrical reasoning, he may dis- 
pEDse with the aid of letters altogether, and acquire the power of express- 
tag in general terms the process of reosoning in the demonstration of any 
Kapoaition. Al^o, he is advised to answer the fallowing questions 
fore he attempts to apply the principles of the Pirst Book tu the so- 
lution of Problems and the demonstration of Theoicma. 

QUESTIONS ON BOOK I. 

1. What is the name of the Science of which Euclid gives the Ele- 
ments? What is meant by Solid Geometry? Is there any distinction 
between Plane Geometry, and the Geometry of Flaneur 

2. DeSne the term tiuignitude, and specify the different kinds of 
magnitude considered in Geometry. What dimensions of space belong 
10 figures treated of in the first six Books of Euclid } 

3. QiTB Enclid's definition of a "straight line," What does he 
leally use aa his test of reotilinearity, and where does he first employ it ? 

'What objections have been made to it, and what substitute has been 
.proposed as an available definition? How many points are necessary lo 
ix the positian of a straight line in a plauej' When is one straight 
: line said to cut, and when to mtet another i 

4. What positive property has a Geometrical point? From the 
deSmtiDn of a. straight line, shew that the intersection of two lines is a 

5. Give Euclid's definition of a plane rectUineal angle. What are 
. the limits of the angles considered in Geometry ( Does Euclid consider 

angles greater than two right angles i 

6. When is a stroight line said to be drawn at righl angles, and when 
ptrpendiaitaT, to a given straight line ? 

7. Define a triangle i shew how many kinds of triangles there are ac- 
cording to the variation both of the a njisi, and of the aidet. 

S. What is Euclid's definition of a circle } Point out the assumption 
involved in your de&nitian. Is any axiom impKed in it> Shew that 
' ' ' 'all other definitions loire geometrical fact i» assumed aa 
isly known, 
quadrilateral figures mentioned by Euclid. 

ID. Describe briefly the use and foundation of definitions, axioms, 
*nd postulates : give iuustrations by an instance of each. 

1 1 . What objection mav be madp to the method and order to ■w'lAsXi. 
Euclid has laid down the elementaty a\)BWttc\i.QTLa ol'CnE'feciKiiKK. o1 ^ 
tneOyl What other method h^ he-en aM^'jcsXei^ 



ioni i^E 



Science of Geonictrj and in the Physical Sciences ? 

13. What is neteasacy to constitute an eiact deEnition ! Aie defini- 
□ns propositions r Are they arbitrary S Are Ihey cnnyertililB ! DoeS 
Alathematical definition admit of proof on tlie principles of ibe Science 
1 which it relates? 

H. Enumerate the principles of construction asaumed by Euclid. 

15. Of what instruments may the use be considered lo meet apptoxi- 
lately the demands of Euclid's postulates J Why oalj approximalelg t ' 

16. "A circle may bo described from any center, with, any straighl 
ne Bi radius." How docs this postulate differ from Euc&d's, and. 

which of his problems is assumed ia it? 

17. What principles in the Physical Sciences cDirespond ti 
Geometry ! 
IB. Enumerate Euclid's twelve aiioma and pnint nut those whioh, 

have special reference to Geometry. State the converse of those whiollt. 
admit of being so expressed. 

19. What two tesls of equality are asenmed by Euclid? 
assumption of the principle of superposition {ax. 8.), essential to all 
Geometrical reasoning? Is it correct to say, that it is "an appeal^ 
though of the most familiar sort, to external observation" ? 

SO. Could any, and if any, which of the axioms of Euclid be turned 
into definitions ; and with what advantages or dissdvantHgcs i 

31. Define the terzns. Problem, Postulate. Axiom and Theorems 
Are any of Euclid's axioms impiopeily so called ? 

22. Of what two parts does the enunciation of a Problem, and of a 
Theorem consist? Distinguish them in Euc. i. 4, 5, 18, 19. 

23. ^Thcn is a problem said to bo indeterminate ? Give an eiampl 
S4. When is one proposition said to he the conrerse or reciprocd 

another? Give examples. Are converse propositions univcrsslly trUi 
" not, under what circumatancea are they necessarily true ? Why is 
cessary to demonstrate converse propositions! How are th» proredl 
3fi. Explain the meaning of the wordjnvpojifton. Distingui^ betwes 
tvene and conlrajy prupoeitiona. and give exunples. 

26. State the grounds as to whether Ocametncal reasonings depe&d 
Ibr their conclueiTencse upon axioms or definitions. 

27. Explain the meaning of enthymeme and syllogism. How il 
enthymcme made to assume the form of the syllogism ? Give exam^deli 

28. What constitutesa demonstration f Statethe lawBOfdemonstTatian^ 

29. What are the principle parta, in the entire process of establidliiifl 
a proposition ! 

30. Distinguish between a direct and iiidirect demonstration. 

31. What IS meant by the term sjniAeiu, and what, by the te 
awilyusJ Which, of these modes of reasoning does Euclid adopt in 
Elements of Geometry? 

32. In what sense is it true that the conclusions of Qeometrj 
necessary truths ? 

33. Ennncittte those Qeometrical definitions whicli are Used in 
ptoofof the propositions of the First Book. 

34. If in Euclid i. 1, an equal triangle he described on the other sido 
of the given line, what figure will the two triangles form f 

35. In the diagram, Euclid i. 2, if DS a side of the equilateral t 
•Je Z>A£ he produced both ways mid cut tb.e citole whose center ia 

radius BO in two points G and H-, shew \iiat tiMiBi ol 'floa fl 
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... 'B, DH ma; be taken as the ladius of the second circle ; and 
pve ftisproof in each case. 

36. ffxplam haw the jiiopoBiUons Euo. t. 9i 3, are rendered necesMry 
lyythB reBtriction imposed by the tliird poitnlate. Is il necessary foe 
the proof, that the triajigle deBcribed in Euc, i, 2, should beequilnteiaU 
Could we, at this Btage of the subject, describe an isoaCGles triangle on a 
glTen base f 

37. State how Euc. T. 2, miy b<? F^ntEnded to the fallowing problem : 
from a given point to draw a attuight line i» a given direction equal to 

a given straight line," 

3S. How would you cut off from a straight line unlimited in both 
directions, a lengtli equal to a given straight line } 

33. In the proof of Euclid i. i, how much depends upon Definition, 
Jiow much upon Axiom ! 

40. Draw the figure for the third case of Euc. I. 7, and state why it 
•unti no demOMlTtUion, 

41. In the construction Euclid I. 9. is it indiOerent in all cases on 
which side of the joining line the equilateral triangle is described P 

13. Shew how a given straight line may be bisected by Euc. i. 1. 

43. In what cases do the lines which bisect the interior angles of 
plane triangles, also bisect one, or more than one of the corresponding 
opposite Bides of the triangles i 

44. ■' Two straiRht lines cannot have a common segment" Hag this 
corollary been tauitly assumed in any preceding proposition? 

45. In Euc. 1, 12, must the giieii line necessarily be "of unlimited 
length"? 

46. Shew that {flg. Euc. t, 11) every point without the perpendi- 
cular drawn from the middle point of every straight line I)B, is at unequal 
distances from the extremities D, E of that line. 

47- Prom what proposition, may it be inferred that a straight line la 
the shortest distance between two points S 

48. Enunciate the propositions you employ in the proof of Euc. r. 16. 

49. Is it essential to the truth of Euc. i. 21, that the two straight 
lines be drawn from the extremities of the base ? 

(10. In the diagram, Euo. I. 21, bj how much does the greater angle 
BDC exceed the less BAC i 

61, To form a triangle with three straight lines, any two of them 

ut he greater than the third: is a. similar limitation necessary with 
respect to the three angles f 

S2, Is it possible to form a triangle w>th three lines whose lenathg are 
1,2, 3 units: or one with three lines whose lengths are 1, V2, VS J 

'" ■ 1 it possible to construct a triangla whose ougles shall be as the 
1, 2, 3! Prove or disprove your answer. 
What is the reason of iJie liiiiitalion in the constmction of Euc. 
L 24. vix. " that DE is that side which is not greater than the other J" 

GS. Quote the first proposition in which the equality of two BieBS 
which cannot be superposed on each other is considered, 

66. Is the following proposition universally true! "If two plane 
triangles have three elements of the one respectively equal to three 
elements of the other, the triangles ore equal in every respect." Enu- 
.merate all the cases in which this equality is proved in the First Book. 
What case is omitted ? 

67. What parts of a triangle must he given in otdat tltiA.'iie.vi^'isi^iK. 
'may be described t 
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verse a! the second cnso of 
I what limltntions ia it true i Prove the proposition so limited } 

69. Shew that the engle contained between the perpendiculsn drawn , 
o two given Btraight lines which meet esch other, is equal to the angle 
I contained by the liaes themselves. 

I 60. Are two triangles necessarily cijual in all respects, where a side and 
I two angles of the one are equal to a aide and two angles of the other, 
I 'Bach to each 1 

61. Illustrate fully the difference between analytical and Bynthetical 
f proofs. What propositions in Euclid are demonstrated nnalytioslly i 

62. Can it be properly predicated of any two straight lines that they 
lever meet if indefinitely produced either way, anteeedpntly to our know- 
ledge of some other property of such lines, which makes the property 
flrat predicated of them a necestary conclUBion from it ? 

S3, Enunciate Euclid's definition and axiom relating to parallel 
ttraight lines; and state in what Props, of Book i, they are used. 

61. What proposition is the converse to the twelfth a^iiom of the 
First Book ? What other two propositions are complementary to these ? 

65. If lines being produced ever bo far do not meet; can they be 
otherwise than parallel f If so, under what circumBtancea J 

66. Define adjacent angle}, opposite anijlei, vertieni angles, and alttrtiaia 
angUij and give examples from the First Book of Euclid. 

67. Can you suggest anything to justify the assump 
twelfth axiom upon which the proof of Euc. i. 29, dependE ? 

Rli -wi,.. nUo...ir,.,n i.n„= Ko^., urged against the definition and the 
laid down by Euclid > Where do«> 
the difficulty originate? What other assumptions have been suggested 
and for what reasons i 

. Assuming as an axiom that two straight lines which c 
another cannotboth be parallel to the same straight line ; deduce Euclid's 
twelfth axiom as a coroUary of Euc. i. 2B. 

TO. From Euc. i. 97, shew that the distance between two parallel 
straight lines is constant ? 

71. If two straight lines be not parallel, shew that nil straight lineg ' 
felling on them, mske alternate angles, which differ by the same angh, _■ 

73. Taking as the definition of parnllei straight lines that they are' 
equally inclined to the same straight line towards the same parts ; proTa, 
that "being produced ever so for both, ways they do not raeeti" Prom, 
also Euclid s axiom 12, by mesns of the same definition. 

73. Whatismeanlby Biferiorandrnteriorangles? Pointoii 

74. Can the three angles of a triangle be proved equal U 
ingles without producing a side of the triangle f 

75. Shew how the comers of a triangular piece of paper may W 
turned down, ho aa to exhibit to the eye that the three angles * 
triangle are equal to two right angles. 

76. Explain the meaning of Uie term corollary. Enunciate the twO' 
. corollaries appended to Euc. i. 32, nnd give another proof of the first' 

TTiat other corollaries may be deduced from this proposition? 

77. Shew that the two lines which hisect the exterior and interittc 
engles of a trianglei as well as those which bisect any two interioi 
angles of a parallelngrnm, contain a right angle. 

7A Tie opposite sides and angles of s parallelogram are equal ti 
•B another, and the diameters bisect it. State aivd ^love the con»et»^ 



Also shew that a qu&diiiaxen^ fi^oxe. ^ 
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UlovVBiBf when ita diagonals bieei 
'divide it into four tnanijleB, vh 



■ianglea, k 



bisect each other; and when its diagonals 
„ , which are equal, two and two, v'lx, those 
whieh have the same vertical angles. 

79. If two straight lines join the extremitien of two parallel straight 
4!nes, hut not towards the same parts, when are the joining linea equal, 
Wid when are they unequal ? 

80. If either diameter of a faur-sided figure dmile it into two equal 
trinngles, is the figure necessarily a paralleloKram ! Prove your answer. 

81. Shew how to divide one of the piUTiilelogriims in Euc. i. 36. 
'hj Etraight lines so that the parts when properly arranged shall make 
up the other parallelogroin. 

82. Distinguish between e^iial triangles and equivalent C 
give examples from the FirBt Book oif Euclid. . 
' 83. "What is meant fay the looua of a point? Adduce ii 
loci from the Brst Book of Euclid. 

84. How is it shewn that equal tcinnglea upon the same base or 
Bqual ho.qes h3.ve equal allitodes, whether thuy are situated on the same 
01 oppDGile sidL's of the same straight line ? 

85, In Eua. I. 31, 38, if the triangles are not towards the same parts, 
(hew that the straight line joining the vertices of the Iriai^Ies is 
illlseoted by the line containing the bases. 

S6. If the complements (fig. Euc. i. 43) be squares, determine their 
tlMion to the whole parallelogram. 

87. What is meant by a parallelo^am being applied to a straight line ? 

88, Is the proof of Euc. i. 46, perfectly general? 

69. Define a square without including superfluous conditions, and 
■explain the mode of constructing a. aquuie upon a given straight line 
Jn oonforrnity with such a definition. 

90. The snni of the angles of a square in equal to four right angles, 
i the converse true i If not. why ? 

91. Conceiving a square to he n figure hounded bv four equal straight 
les not necessarUy in the same plane, what condition respecting the 
Iglei ia necessary to complete the deSnition J 

92. In Euclid I. 47. why is it necessary to prove that one side of 
lEh square described upon each of the sides containing the rijiht angle, 

rjhould be in the same straight line with the other side of the triangle? 

B3. On what assumption is an SJialogy shewn to exist between the 
product of two equal numbers and the surface of B square? 

94. Is the triangle whose sides are 3, 4, 6 right-angled, or not? 
96. Can the side and diagonal of a square be represeuted simul- 
taneously by any finite numbers i 

96. By means of Euc, i, 47, the square roots of the natural numben, 
1, 2, 3, 4. &c. may be represented by straight lines. 

97. If the square on the hj^potenusB in the flg. Euc. i. 47. be 
described on the other' side of it : shew from the diagram how the 
iquares on the two sides of the triangle may be made to cover exactly 
'■^ J square on the hypotenuse. 

98. If Euclid n. 2, be assumed, enunciate the form in which Euc. i. 47 
ly be expressed. 

99. Classify all the properties of triaaglei and parallelogranu, proved 

n Book I. which are included in. maw. 
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ON THE ANCIEXT GEOMETRICAL ANALYSIS. 
Stntuesis, or the method ofoomposition, is B mode of reasoning which. 
be>;iiis with something given, mid ends with something required, either' 
to be done or to be proved. This may be tenned a direct pi-oi 
leads from principles to consequences. 

Analysis, or the method of resnlution, is tht reverse of Bynthesii, 
and thus tt maybe considered an indirect process, a method of reason- 
ing from consequences to principles. 

The synthetic method is pursued by Euclid in his Elements of 
Geometry. He commences with certain assumed principles, and pro- 
ceeds to the solution of problems and the demonstration of theorem^ 
by undeniable and successive inferences from them. 

The Georaetricttl Analysis was a process employed by the a 
Geometers, both for the discovery of the solution of problems and tat' 
the investigation of the truth of theorems. In the analysis o(a.pra 
htn, the qussita. or nhat is required to be done, i£ supposed to hai 

n eiTected, and the consequences are traced by a ser' 

constructions and reasonings, till at length they t< 
data of the problem, or in some previously demonstrated nc admitted 
truth, whence the direct solution of the problem is deduced. 

In the Synthesis of a pfnblem, however, the last consequence of the 
analysis is assumed as the first step of the process, and by jiroceeding 
in a contrary order through the several steps of the analysis until th^ 
process terminate in the nusEsiCa, the solution of the problem is effected. 

Sut if, in the analysis, we arrive at a consequence which contra-' 
diets any truth demonstrated in the Elements, or which is inconsistent 
with the data of the problem, the problem must be impossible : ancl 
fiirther, if in certain relations of the given magnitudes the constraotiott 
be possible, while in other relations it is impossible, the discoyery 
of these relations will become a necessary part of the solution of tl"- 
problem. 

In the analysis of a theorem, the question to he determined, i 
whether by the applicaljon of the geometrical truths proved in U 
Elements, the predicate is consistent with the hypothesis. This p 
IB ascertained by assuming the predicate to be true, and by deducii^ 
llie successive consequences of this assumption combined with prow 
geometrical truUis, till they terminate in the hypothesis of the Ibeo 
or some demonstrated truti. The theorem will be proved synthetit 
by retracing, in order, the steps of the investigation pur" — ■^ ■- 
EUialysis, till they terminate in the predicate, which Wc-o i.a^uuu 
in the analysis. This process will constitute the demonstration of tt 
theorem. , 

If the assumption of the truth of the predicate in the analysis leaf 
some consequence which is inconsistent with any demonstrate 
truth, the false conclusion thus arrived at, indicates the falsehood D 
the predicate i and by reversing the process of the analy^ it s 
Ae demoDstriited, that the theorem cannot be true. 

It mny here be remarked, that the geometrical analysis ii 
^asirely unefnl In discovering the solmion ot -y ^ ' " ' "■ - 
vtigating the demonstration of iheoreroa. 
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. From the nature of the subject, it must be at once obTioua, that no 
9 general rulea cart be prescribed, nhich will be found applicable in all 
Jcasos, and infallibly lead to the solution of every problem. Tlie eon- 
V-ditionB of problems must suggest what constructions maybe possible; 
■;«nd the consequences which follow from these constructions and the 
t^Rsumed solution, will shew the posElbility or impossibility of arriving 
,t some known property consistent with the data of the problem. 
Though the data of a problem may be given in magnitude and 
Kjfosition, certain ambiguities will arise, if they are not properly re- 
%-(tricted. Two points may be considered as situated on the same side, 
Bfir one on each side of a given line ; and there may be two lines drawn 
E&om a given point making equal oDgles with a line given in position; 
Vfevd to avoid ambiguity, it must be stated on vhlch side of the line 
B^te angle is to be formed. 

•A problem 19 eaid to be deierminale vben, with the prescribed con- 
ations, it admits of one definite solution ; the same construction which 
^^loay be made on the other side of any given line, not being considered 
*■ dilTerent solution ; and a problem is said to be mdeUrmutate when it 
' [nita of more than one definite solution. This latter circumstance 
ses from the data not ahsoluteli/ fixing, but merely realricting tha 
eesita, leaving certain points or Imes not fixed in one position only, 
e number of given conditions may be insufficient for a single det^ 
. natfl solution ; or relations may aubsiat amon^ soma of the given 
B-Cion^itions liom which one or more of the remaining given conditions 
I be deduced. 

It the base of a right-angled triangle be given, and also the differ- 
ence of the squares on the hypotenuse and perpendicular, the triangle 
is indeterminate. For though apparently here are three things given, 
the right angle, the base, and the difference of the squares on the 
hy])0tenu3e and perjiendiculnr, it is obvipus that these tlu'ee apparent 
conditions are in fact reducible to two : for since in a righlr^angled tri- 
angle, the sum of the squares on the base and on the perpendicular, 
ia equal to the square on the hypotenuse, it follows that the differ- 
ence of the squares on the hj-polcnuae and perpendicular, is euual to 
ih^ square on the base of the triangle, and therefore the base is known 
from the difference of the squares on the hypotenuse and perpendicular 
being knoH-n. Tlie conditiona therefore ore inauffident to dctormine 
a right-anjrled triangle ; an indefinite number of triangles may h» 
fonnd with the prescribed conditions, whose vertices will Ue in the line 
which is peraendicular to the base. 

If a problem relate to the determination of a single point, and the 
data be sufficient to determine the position of that point, the problem 
is determinate : but if one or more of the conditions be omitted, the 
data which remain may be sufficient for the determination of more 
than one point, each of which satisfies the conditions of the problem; 
in that case, the problem is indirlBrmijiale ■• and in general, such points 
are found to be situated in some line, and hence such line is called tha 
locus of the point which satisfies the conditions of the problem. 

If any two given pomts J and .B {&%. Yas.. V) . &>, Vt \>i™s*.>>-^ 
ftVrsig'iit line AS, and thisHne V\>\acc,^ei\D. D, '^'"^ ""^ ?; T'^^Si 
dS^ular be drsB-n from the point ot VifiecXion, ■«.\aiK(iivil«.'Si.'«»-^°" 
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described -with any point in the perpendicular as a center, and 

equal to its distance from one of the given points, will pass ■_ 

the other point, and the perpendicular will be the locus of alt thd 
oireleg which Can he described passing through the two given pcuntH.' 

Again, if a third point Che taken, but not in the same straight linS 
with the other two, and thia point be joined with the first point Ai 
then the perpendicular drawn from the bisection E of this line will b« 
the locua of the centers of all circles which pass through the flist ai 
third points A and C. But the perpendicular at the bisection of t,^^_ 
first and second points A and S is tne locus of the cenlers of oirelei 
which pass through these two pointB. Henoe the intersection ^ (i 
these two peirwndicularB, will be the center of a circle which ptui^ 
through the tln^e point* and ia called the intersection of the two low 
Sotnetunes this method of solving ^ometrical problems may be fim^ 
sued with advantage, by constnicting the locus of every two pointf 
septtrately, which are given in the conditions of the problem. In th^ 
Geometncal Esercises which foUow, onlr those local problema i' ~ 
given where the locus is eitlier a straight line or a circle. 

Whenever the qutesitum is a point, the problem on being rendei 
indeterminate, becomes a locus, whether the deficient datum be of '_._^_ 
essentia! or of the accidental kind. ~VVhen the qnssitum is a s&a^glll 
line or a circle, (which were the only two loci admitted into the ancirali 
Elementary Geometry) the problem may admit of an accidental^ -'!-?^M 
deterrninaie case i but will not inn'iiiabli/ or even very frequently M 
This will be the case, when the line or circle shall be so far arbi( 



its position, as depends upon the deficiency of a m'nffle condition tl^ 
fii it perfectly ; — thkt is, (for instance) one point in the line, or twfl 
points in the circle, may be' determined from the given conditions, bi 
the remaining one is indeterminate ftom the accidental relations . 
tiie data of the problem. 

Determinate Problems become indeterminate by the merging of 
some one datum in the results of the remaning ones. This may aristi 
in three different ways; first, from the coincidence of two poiats; 
Becondly, from that of two straight lines; and thirdly, from that 
of two circles. These, further, are the only three ways in which th^ 
accidental coincidence ol dnta cnn produce tliis indeterminatenesa ; Unl 
is, in otiier words, convert the problem into a Porism. 

In the original Greek of Euclid's Elements, the coroUariea to t£i 
propositions are called porisms (i-opiiT/iaTaJ ; tut this scarcely espial^ 
the nature of parisnis, aa it is manifest that they are. different fniiill 
simple deductions from the demonstrations of propositions. S^W 
analogy, however, we may suppose them to have to the porisms — 
corollaries in the Elements. Pappus (ColL Math. Lib. Tn. prof.) '' 
forms US that Euclid wrote three books on Porisma. He defines' 
porism to be sometliing between a problem and a theorem, oi 
which something is proposed to he investigated." Xir. Slmson, 
h due the merit of having restored the porisms of Euclid, gives tbjj 
yoif/n^ rfefinit/on of Ihatclasa ofpropoaitions : "Porismaestpi'o] '" 
ii qua pToponitut demonstraie rem a\i(\uom,'ve\\teiea&s*a»e4i _ 
W qiubua, at e£ cuilibet ex rehus innumena, tioti opiiRm, ^&a^ 
!« OH ea qure data sunt eaudena habeut, reWiooem, 
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(lendum est affeDtionem guaniUni communem in propositione descrip- 
tam." That is, " A Ponsm is a proposition in which it is proposed to 
demonstrate thatsorne one thing, or more things than one, are given, to 
which, as also to each of innumera-ble other things, not given indeed, 
but which have the same relation lo thoaa which are Riven, it is to be 
11 that there belongs some common afl'ection described in the 
proposition." Professor Bugald Stewart defines a porism lobe "A 

S reposition affirming the possibility of finding one or more of the con- 
itions of an indeterminate theorem." Professor Piayfair in a paper 
(from which the following account is takenl on Porisms, printed m the 
Transactions of the Royal Societjr of Edmburgh, for the year 1792, 
defines a porism to be " Aproposition affirming the possibihty of find- 
ing such conditions as will render a certain problem indeterminate or 
iaapable of innumerable solutions." 

It may without much difficulty be perceived that this definition 
Bpresenta a porism aa almost the same as an indeterminate problem, 
"here is a large class of indeterminate problems which are, in general, 
loci, and satisfy certain defined conditions. Every indeterminate 
;probIem containing a locun mav be made to assume the form of a 
porism, but not the converse. Porisms are of a more general nature 
than indeterminate problems which involve a locus. 

The ancient geometers appear to hnve midertaken the solution of 
Itroblems with a scrupulous and Tninute attention, which would 
Icareely allow any of the collateral truths lo escape their observation. 
They never considered a problem as solved till they had distinguished 
all its varieties, end evolved separately eveiT difierent case that could 
iiiccur, carefully distinguisliing whatever caance might arise in the 
Kinstrualion from any change that was supposed to take place among 
he magnitudes which were given. This cautious methoa of proceed- 
iog soon led them to see that there were circrnnstances in which the 
iplution of a problem would cease to be possible; and this always 
lEappened when oneofthe conditions of the data was inconsistent with 
Ihe rest. Such instances would occur in the simplest problems; but 
B the analysis of more complex problems, they must have remarked 
ihat their constructions failed, for a reason directly contrary to that 
iMigned. Instances would be found where the lines, which, by their 
ntersection, were to determine the tiling sought, instead of intersecting 
ine another, as they did in general, or of not meeting at all, would 
Itoincide with one another entirely, and consequently leave the question 
unresolved. The confusion thus arising| would soon be cleared up, by 
observing, that a problem before determined b^ the intersection of two 
ines, would now become capable of an indefinite number of solutions. 
Phis was soon perceived to arise from one of the conditions of the pro- 
^^nlera involving another, or from two parts of the data becoming one, 
o that there was notleftasullicient number of independent conditions 
confine the problem to a single solution, or any determinate number 
rf solutions. It WHS not difficult sflerHards to perceive, that these 
i of problems formed very curious propositions, of an iriAwjat- 

, ale nature between problems *t\4 iiMixema, «iA 'CmiJ. ■fXie\ ^^,__ 

pitted of being enunciated aeptttB.tc\-s. 1^. ■«&<.«> '"'^ "^^'S^^'^^;^ 
D enunciated that the ancient, eeomeVer a ewe ft^e Ti'wo.e » S^o, ^3 
besides, it will be found, thai some v^obXc^^ -w^ V^^^^* ^i 
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certain limiu, and ihnt certain maf^niiudea increaBe while othi 
crease witliin those limitsi and alter having reached a certain valu^ 
the former begin to decrease, while the latter increase. This 
Btance gives rise to queslinna of rnaxi'iimand i;iinii;ia, orihe ^ 
and least values which cerUtin magnitudes may admit of in indetef' 
minate problems. 

In the following collection of problems and theorems, most will be 
found to be of so aimple a characier, (being almost obvious dedticti 
from propositionB in the Elements) as scarcely to admit of the p 
ciple of the Geometrical Analysis being ap|)lied, in their solution. 

It must however be recollected thnt a olear and exact knowledga 
of the first principles of Geometry must necessarily precede any in- 
telligent application of them. Indistinctness or d^ectivenssa of hB' 
derslanding with respect to these, will be a perpetual source of erro*- 
and confusion. The learner is therefore recommended to understand 
tie principles of the Science, and their conneiion, fully, before ha 
' any applications of them. The fallowing directiona may 
bia proceedings. 

ANALYSIS OF THEOREMS. 

1. Assume that the Theorem is true. 

2. Proceed to examine any consequences that result from thil 
admission, by the aid of other truths respecting the diagram, which 
have been a&eady proved. 

3. Examine whether any of these coiueqnences are already known 
to be tme, or to heJiiUe. 

4. If any one of them be &lse, we have arrived at a reductio ad oh- 
turdum, which proves that the theorem iticli' is false, as in Euc I. 25, 

5. Knone of the consequences so deduced be knavta to be eititer 
true or false, proceed to deduce other consequences ftom all or any of 
these, as in (2). 

6. Examine these results, and proceed as in (3) and (4) ; and if 
Btill without any conclusive indications of (he truth or fatsebood <x 
the alleged theorem, proceed still further, until such are obtained. 

ANALYSIS OF PROBLEMS. 

1. In general, any given problem will be found to depend oi 
■everal problems and theorems, and these ultimately on some problea 
or theorem in Euclid. 

2. Describe the diagram as directed in the enunciation, and etqi 
pose the solution of the problem ett'ected, 

3. Examine the relations of the lines, angles, triangles, Ac ii. 
the diagram, and find the dependence of the assumed solution on soin^ 
fljeorem or problem in the Elements. ^^ 

4. If such cannot be found, di'aw other lines parallel o 
dicular as the case may require, join given points, or points 
in the solution, and describe circles ii need be: and then proceed 

tht 
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GEOMETRICAL EXEECISES ON BOOK I. 

PROPOSITION I. PROBLEM. 
To Insect a gioeit straight line. 

Analtsis. Let AB \>e the eriven straight line, and euppoae it 
ivided iuto thres equal parts in the poiota I), E. 



On DE describe an equilateral triangle DEF, 

then BFls equal to AD, aud FE to EB. 

On AB describe an equilateral triangle ABC, 

BaAiaiDAF,FB. 

Then because AD'w equal to DF, 

therefore the angle AFD ia equal to the angle DAF, 

and the two angles DAF, DFA are double of one of them DAF. 

But the angle FDE is equal to the angles DAF, DFA, 

and tlie angle FDE is equal to DAC, each being an angle of an 

equilateral triangle ; 

therefore the angle DAC^ double the angle DAF; 

wherefore the angle DA C is bisected by AF. 

Also because the angle FA C m equal to the angle FAD, 

and the angle FAD to DFA ; 

therefnre the angle CAF a equal to the alternate angle AFD ; 

and consequently FD is parallel to A Q. 

Syntbesig. Upon AB describe an equilaternl triangle ABC, 

bisect the angles at A and i? by the straight lines AF, BF, meeting ioF; 

through -Fdraw FD parallel to AC, and Fi: parallel to BC. 

Then AS ia trisected in the points D, E. 

Por since ^Cis parallel to FD and FA meets them, 

therefore the alternate angles FAC, AFD are equalj 

but the angle FAD is equal to tbe angle FAC, 

hence the angle DAF ia equal to the angle AFD, 

and therefore DF is equal to DA. 

But the angle FDE ia equal to the angle CAB, 

and FED to CBA ; (l. 29.) 

therefore the remaining angle DFE is equal to the remaining angle 

ACB. 

ce the three sides of the triangle DFE are equal tfl one another, 

and DF has been shemu to be equal to DA, 

therefore AD, DE, EB are equal to one another. 

Hence the following theorem. 

If the angles at the base of an equilateral triangle be bisected by 
t two lines which meet at a point within the triangle i the two 1«sh«. 
fcdrawn from this point parallel to tiie Aiea ol ftia ^msmi^su, 4Bi*ia»"^Sia 
'a three equal parts. 
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Note. There is another method wherehy a line may be dtTidad 
into three equal parta : — by drawing from one extremity of the given 
line, another miiking an acute angle with it, and taking three equal 
distanoeB from the extremity.then joining the extremities, and through 
the other two points of division, drawing lines parallel to this line 
through the other two points of division, and to the given line; the 
three triangles thus formed are equal in nil respects. This may be 
estendedforanynumber of parts, and is apartieularcasBof Euc. VI. 10. 

PROPOSITION U. THEOREM. 
I/liBO opposite sides of a paralteh^ram is hisectsd, and Ivo Una bi drauM 
from tka points of biseclioa to tli« opposite angles, these t\BO linei trii 
tie diagonal. 

LelABCSbe a parallelogram of which the diagonal ia^lC 

Let AS he bisected in S, and DC in F. 

also let D£, J'JJ be joined cutting lie diagonal in O, B. 

Then AC is trisected in the points G, R. 



Through B draw ^i' parallel to ..iCand meeting FB in K. 
Then because EB is lie half oiAB, and BF the half of J} C\ 

therefore EB is equal to DF; 
and these equal and parallel straight lines are joined towards the 
same parts by HE and FB -, 

therefore HE and FB are equal and parallel, (i. 33.) 

And because AEB meets the paralleia EK, A C, 

therefore the exterior angle BEK is equal to the interior angle SA O, 

For a similar reason, the angle EliK is equal to the angle AMCt. 

Hence in the trianfjles AEG, EBK, there are the two angles OASi 

AEG in the one, equal to the two angles KEB, EBK in the otho', 

and one side adjacent to tie equal angles in each triangle, namely AS 

equal to .Eif[ 

therefore ^1? is equal to EK, (i. 26.) 

but EK is equal to OR, (i. 34r) therefore AGm equal to Off. 

By a aimilar process, it may be shewn that GSh equal to HC. 

Hence Jf?, GR, ECare equal to one another, 

and therefore ^ C is trisected in the points G, R. 

It may also be proved that BF m trisected in S and K. 

PROPOsrrioN m. problem. 

nren two itraight linei net parolU, i 
thai point. 

Analyak. Let BC, BD be tte two Muea tiieeli-o^ vn B, and let A 
tbegirea point between them. 
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Suppose the liiie J^^i^ drawn tluough A, ao th\it£A is equal to ^f*, 




HaoagbA Amw AG ptaaSlel Ut SC, and ff2f paraUel to EP. 
Then A QUE Is a parallelogram, wherefore AE ib equal to GH, 
I "batEA'a equal to j^yhy hj-potheeisi therefore CiT is equal to ^jR 
' Hence in the triangles BSG, GAF, 

iie angles HBG, AGFaxe equal, as also BGH, OFA, (i. 29.) 

also tlie side GS\& equal to AF\ 

whence the other parts of the triangles are equal, (i. 26.) 

therefore BG is equal to GF. 

Sj-nthsBis. Through Ihe given point A, draw j1(? parallel io BO; 

on GD, take GF equaJ to GB ; 

then J' is a second point in the required Hne; 

join the points F, A, and produce FA to meet ^C in E-, 

then the line FE is hisectcd in the point A ; 

draw GB" parallel to AE. 

Then in the triangles BGH, OFA, the side 3G is equal to GF, 

and the angles G^ff, JGff are respectiyely equal to J^'ff^, GFA; 

wherefore GH is equal to AF, [I. 26.) 

but GH'w equal to AE.tl, 34.) 

therefore AE is equal to AF, or EF\i bisected iaA. 

PROPOSITION rv. PROBLEM. 

Frtm tvio given poinit an lAe lame tide cf a ttraight line given in poei- 
lion, drauj too ttraighC lima vihich shall meet in that line, and make equal 
BTigleitBUA it; alto prove, that the mm of these tu>o tinea it leie than (Aa 
nun of any other lino Itnu draum la any other point in (he line. 

Analysis. Let A, B he the two given points, and CD the given line. 

Suppose G the reouired point in, the line, such that AG and BO 
being joined, tlie angle AGCis equal to the angle BGD. 




Draw ^-F perpendicular to CD and meeting BG produced in 
Tliea. becauw the angle BGD is equafto AGfF, (hyp.) 
and also to Ihe vertical angle FGM^ (t. 15.\ 
therefore the angle .^GFia e(tKi\nftiaraN^'E.<3'B-, 
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aleo the right angle AFQ is equal to the right angle EFO, 
and the side FG ia common to the two triangles AFG. EFO, 

therefore -^G ia equal to HG, and ^Fta F£. 
Hence the point E being known, the point G ia determined by th« 
intflraeclion of CD and ISE. 

Synthesis. From A draw .^J^perpendicular to CD, and produce 

it to E, making FE equal to AF, and join JiE cutting CD in O. 

Join bIbo AO. 

Then A G and SG make equal angles with CD. 

For since AF is equal to F-E, and FO is common to the t 

Q'ianglea AGE, EGF, and the moluded angles AFG, EFG are equalf 

therefore the base ^G is equal ta the base EG, 

and the ancle AGFtothe angle EGF; 

but the angle £1?^ is equal to the vertical angle BOD, 

therefore the anale ^Gi-'ia equal to the angle BGD; 

that is, the straight Tines AG ajid BG make equal angles w 

the straight line CD. 

Also the Bum of the lines ^e, ff.B is a minimum. 

For take any other point H in CD, and join EH, MB, AH. 

Then eince any two sides of a triangle are greater than the third si' 

therefore EH, IIB are greater than Eli in the triangle EHB. 

But EG is equal to AG, and EHta AH; 

therefore AH, JZB are greater than AO, OB. 

That is, A G, OB are less than any other two tines which can t) 

dra^iTi from A, B, to any other point H in the line CD. 

By means of this Proposition may be found the shortest path &oniV 
one given point to another, subject to the condition, that it shall I 
meet two given lines. 

PROPOSITION" V. PROBLEM. 
Oiven ont anglt, a lide oppoiite to it, and the turn of tht olher two tidei, ' 



Analysis, Suppose .B^Cthe triangle required, having BC equal 
to the given side, 5.JC equal to the given angle opposite to BC, aJao 
BD equal to the sum of the other two sides. 



Join DC. 

Then since the two aides 5^, ji Care equal to B2>, by takinft -B4 j 
from these equals, the remainder .^ C ia equal to the remainder AD. ^ 

Hence the triangle A CD is isosceles, and therefore the angle , " " 
is equal to the angle A CD. 

But the exterior angle S.^Cof the triangle ADC ia equal to ti 
two interioi and opposite angles ACD and ADC: 

VfTierefore the angle _BjiCiB double the angle BDC, and EDO H 
« balFoftbe angle 3 A C. 

Hence the syntiieaia. 
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At the point D in SD, make the angle BDC equal to half the 
jven angje, 

and from S the other eitremity of SD, draw £C equal to tie 

given side, and meeting DC in C, 
at Cm CD make the angle DCA equal to the angle CDA, ao 

that CA may meet SD in the points. 
Then the triangle ^itC shall have the required conditions. 

PROPOSITION TI. PROBLEM. 
To bitecl a IriansU by a line dravm from a givm poitil in one qflht lidii. 



Suppose DFthe line drawn from D which bisects the triangle i 
therefore the triangle DBFh hall' of the triangle ABC. 
Bisect iCin £. and join AE, DE, AF, 
then the trianKte ^5£ is half of the triangle ..4BC: 
heace the triangle ABE is equal to the triangle DBF; 
take away from theae equals the triangle DBE, 
therefore the remainder ADE ia equal to the remainder DEF. 
Sut ADE, DEF are equal triangles upon ilie same base DE, and 
n the same side of it, 

thef are therefore between tlie same parallels, (L 39.) 

that is, AF is parallel to DE, 

therefore the point F is determined. 

Synthesis. Bisect the base BC in E, join DE, 

iiomA, draw ^y parallel to DE, and join DE. 

Then because DE is parallel to AF, 

therefore the friangle ADEia equal to the triangle DEF;{i.37.) 

to each of these equals, add the triangle BDE, 
therefore the whole triangle A'BE is equal to the whole DBF, 
but ABE is half of the whole triangle ABC; 
therefore DBFli also half of the triangle ABC. 



PROPOSITION Vn. THEOREM, 



Jffrom a point vilthout a parallelot, 
of too adjarait lidei, and 0/ ths die 
Unglei thut farmed, thai, whaie bale is 
ilia other tuo. 



ie diago'uil, u equal 



aa to tht extremiliei 
ly include; o/lhetri- 



Let ABCD he a parallelogram of which .^ C is one of the diagonals, 
ind Int P be any point without it: and let AP, EC, BP, PD be 

Then the triangles APD, APB aietoatf 
j^leAPC. 
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Draw PCB parallel to ^i) or 5C, and meeting <iB in O, and 
mE; and join it!?, OC. 

TTien the triangles CBP, CBO are equal : (i. 37.) 

and taking the common part CBS Srora Bach, 

the remainders PJIE, CHQ are equal. 

Again, the triangles BAP, DA are equal j (I. 37.) 

also the triangles DAG, AGCare equal, being on the sajne 

A G, and hetween the same parallels A O. DC: 

therefore the triangle DAP is equal to the triangle AGO: 

hut the triangle PEB is equal to the triangle CHG, 

■wherefore the triangles PHB, DAP are equal to AGC, CBG, or 

ACH, add to these equals the triangle APS, 

therefore the triangles APH, PHB, DAP are equal to APJT, A CS, 

that is, the triangles APB, DAP are together equal to the triangle 

PAC. 
If the point P he within the paralleloirram, then the dlffe 
the trianglea APB, DAP may be proved to he equal to the triangfe* 



I. 

8. Sescrrbe an isosceles triangle upon a given base and fasTii 
each of the aide? double of the base, without using any propoaitioE 
the Elements subsequent to the first three. If tHe base and aide 
given, what condition must he fut^lled wilh regard to the magni 
of each of the equal sides in order that on isosceles triangle ma 
constructed ? 

9. In the fig, Euo. I. fl. If FO and Sff meet in S, then p 
that AS bisects the angle BA C. 

10. In the fijt- Euc. I. 5. If the angle FBG be equal to the &) 
.ABC, audio, CF, intersect in O; the angle 5 Of is equal to ti 
the angle BA O. 

n. From the eitremitiesoftlie base of an isosceles trial 
lines are drawn perpendicular to the aides, the angles maJe by tl 
with the hase are each etjual to half the vertical angle, 

13. A line drawn bisecting the angle contained by the two «^_. 
afdea of an isosceles triangle, bisects the third aide at right anglM. I 
13. Xfaatraight line drawn liiBectln^ ftie. NM^icalangleof fttli 
-''-. iiflect the base, the triangle ia ^os^^^fta. 
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14. Giren two points one on each side of a given straight line j 
1 B point in the line auch that the angle contained by two lines 
iwn to the given pointB may he bisected oy the given line. 
16. In the 6g. Euc. I. 6, let F and O he tlie poinU in the sides 
^J9 and A C produced, and let lines FS and GJC be drawn perpen- 
fficular and equal Ui FC and OB respectiycly ; also if DU, CK, or 
"these iincs produced meet in O ; prove that £H ia equal to CK, and 
BO to CO. 

16. From every point of a given straight line, the straight lines 
drawn to each of two |[iven points- on opposite sides of the line are 
equal ; prove that the line joining the given points will cut the given 
line at right angles, 

17. If .^ be the vertex of an is-osceles triangle ABC, and S-^be 
produced BO that ^U ia equal to i2..j, and JJC he drawn; shew that 
26'ZJ is a right angle. 

18. The straight line EDF. drawn at right angles to S C the h: 
of an isosceles triangle ABC, cuts the side AB in O, and CA pro- 
duced in E ; shew that AED ia an isosceles triangle. 

19. In the fig. Euc. I. 1, if AB be produced both ways to meet 
"the circles in B and B. and &om C, CD and CE he drawn ; the figutu 
^C.Z'.B is an isosceles triangle having each of the angles at the base, 
equal to one fourth of the angle at the vertex of the triangle. 

20. From a given point, draw two straight lines making equal 
angles with two given "straight lines intersecting one another. 

21. From a giten point to draw a straight line to a given straight 
I line, that shall he bisected by another given straight line. 

22. Place a straight line of given length between two given 
straight lines which meet, so that it shall be equally inclined to each 
of them. 

23. To determine that point in a straight line irom which the 
Btpiight lines drawn to two other given points shall be equal, pro- 
vided the line joining the two given points is not perpendicular to the 
given line. 

24. In a. given straight line to find a point equally distant from 
two given straight Knee. In what CBse is this impossible ? 

25. If a line intercepted between the extremity of the base of on 
isosceles triangle, and the opposil* side [produced if necessary) be 
equal to a side of the trianzle, the angle formed by tliis line and the 

I base produced, is equal to three times either of the equal angles of the 
triangle. 
26, In the base .BCof an isosceles triangle ABC,\^e a point D, 
and in CA take CE equal to CD, let ED produced mcet^Bproduced 
in F, then Z.AEF^ 2 right angles 'rAFE,ot^i. right angles + AFE. 

27. If from the base to the opposite sides of an isosceles triangle, 
three straight lines be drawn, making equal angles witli the base, vii. 
one froTa its extremity, the other two from any other point in it, these 
two shall be together ei^ual to the first. 

28, A straight line is drawn, teiininated by one of the sides of an. 
isosceles triangle, and by the other siie -^njivkWA, «afi>i\»»»s^^;^, 
the bttie; prove that the stiaiglit ^e«, ftiMB. ■MiVitGWj'ui^^s*--*'*^'^-***" 



76 GEOMETRICAL EXERCISES 

vertex of tite Uoeceles triangle, and this Btraight line, ore togetli 
equal to the two equal aides of the trianglo. 

29. In B triangle, if the lines. bisecUug the atiglea at the hafl 
equal, the triangle Is isosceles, and the angle contained by the bisi 
ing lines is equal to an exterior angle at the base of the triangle. 

30. In a triangle, if lini's be equal whi-ii drawn from the extren 
ties of the base, (1) peniendicular to the sides, (2) bisecting the sidi . 
(3) making equal anglea with the sides; tlie triangle is isoseele* 
and then uiese lines which respeotiyely join the int ' " ■" 
sides, are parallel to the base. 



31. ABC is a triangle right-angled at S, and having the 
double the angle C; shew that the side BC is less than double the 
aide AB. 

32. If one angle of a triangle be equal to the sum of the oilier 
two, the greatest side is double of the distance of its middle point from 
the opposite angle. 

33. If trom the right angle of a right-angled triangle, two straight 
lines be drawn, one perpendicular to the base, and the other bisecting 
it, they will contain an angle equal to the difference of the two aCUle 
angles of the triangle. 

34. Ifthe vertical angle CJ B of a triangle ABC be bisected by 
AH, to irhich the perpendicuiara CE, BF are drawn from the remain- 
ing angles: bisect the base i(C in ff, join G£, &F, and prove these 
lines equal to each other. 

35. Tlie difference of the angles at the base of any triangle, 
double the angle contained by a Lne drawn from the vertex per 
dicular to the base, and another bisecting the angle at the vertex. 

3(i. If one angle at the base of a triangle be double of the otbf 
the less side is equal to the sum or difference of the segments of tl 
base made by the perpendicular from the vertex, according as ti 
angle is greater or less than a right angle. 

37. fr two exterior angles ofo triangle bo bisected, and &oni tl 
point of intersection of the bisecting lines, a line be drawn to the o 
posite angle of the triangle, it will bisect that angle. 

38. From the vertei of a scalene triangle draw a rfight line 
the base, wliich shall exceed the less side as much as it la exceed 
by the greater. 

39. Divide a right angle into three equal angles. 

40. One of the acute angles of a. right-angled triangle ia diT 
times as great aa the other ; triaect the smaller of these. 

41. Prove that the sum of the distances of any point witfe 
a triangle from the three angles is greater than half the perimel 
of the triangle. 

42. The perimeter of an isosceles triangle is less than that of bi 
other equal triangle upon the same base. 

43. If from the angles of a triangle ABC, straight lines ADJ 
-ffiZ*^ CDO be drawn througb, a ^oinl B \o tte opijosite "' 
'""I"' tbst the sides of the triangle ate togevlvei piia.\£i'ilna\"^ 



lines drawn to the point D, nnd less than twice the aame, but greater 
than two-thirds of the lines drawn through the point to the 0|)poBite 
sides. 

44. In a plane triangle an angle is right, acute or obtuse, ac- 
cording as the line joining the vertex of the angle with ihe middle 
])oint of the opposite side is equal to, greater or less than halt' of 
that side. 

45. If the straight line AD bisect the angle A of the triangle 
ABC, and BBE be drawn perpendicular to AD and meeting AC or 
A C produced in E, shew that SD = DS. 

46. The aide BC of a triangle ABC is produced to a point D. 
The angle ACB is bisected by a Une CH which meets AB in B. 
A line is drawn through E parallel to BC and meeting AC in F, 
and the line bisecting the exterior angle ACD, in Q. Shew that 
j;2^i3 equal to J'ff. 

4T. ITie sides ^B, ^C, of a triangle are bisected in D and E 
respectively, and.BE, CD, are produced uatU EF= EB, and GD=DC; 
shew that the line QF passes through A. 

48. In a triangle ABC, AD being drawn perpendicular to the 
straight line BD which bisects the angle B, shew that a line drawn 
firom D parallel to BC will bisect A C. 

49. If the sides of a triangle be trisected and lines be draivn 
through the points of section adjacent to each angle so as to form 
another triangle, this shall be in all respects equal to the first 
triangle. 

50. Between two given straight lines it is required to draw a 
straight line which shall be equal to one given straight line, and 
pBrallel to another. 

51. If from the vertical angle of a triangle three straight lines be 
drawn, one bisecting the angle, another bisecting tlie base, and the 
third perpendicular to the base, the first is always intermediate in 
magnitude and jiosiUon to the other two. 

52. In the base of a triangle, find the point from which, lines 
drawn parallel to the sides of the triangle and hmited by them, are equal 

Q3. In the base of a triangle, to find a point from which if two 
lines be drawn, [1) perpendicular, (2) parallel, to the two sides of the 
triangle, their aum shall be equal to a given line. 

in. 

64. In the figure of Euc. I, 1, the given line is produced to meet 
either of the circles in P ; shew that P and the points of inte; 
of the circles, are the angular pointt of an equilateral triangle. 

65. If each of the equal angles of an isosceles triangle be one- 
fourth of Ihe third angle, and from one of them a line be drawn 
at right angles to the base meeting the opposite side produced; then 
will the part produced, the perpendicular, and the remaining side, 
form an equilateral triangle. 

56. In the figure Euc. I. 1, if the sides C.J, CB of At *i;^iSis»s^ 
triangle ABC be produced to meet, Ihe cHuXe&'vQ.'E.G.ieK^^^^'^'^ 
and if C- be the pomt in which the cvtcU* t^X ovve ue,w:s>ct «a •«■ 
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Other Hide of A3 : prove the points F, C, O to be in the san 
line; and the figure Cf'f? t<i be an equilateral triang'le. 

57. ABC la a triangle and the exterior angles at B and ( 
are bisected by lines SD, CD respectively, mceung iu D: shei. 
that the angle BDC and halt' the angle SAC ma^e up a right 
angle. 

58. If tbe exterior angle of a triangle be bisected, and ihe anglaL 
of the triangle made by the bisectors be bisected, and so on, thu 
triangles aotbrmed nill tend to become eventuallj' equilateral. f 

59. If in the three sides AB, BC, CA of an equilateral triangM 
ABC, distances AE, BF, CO be taken, each equal to a third o^ 
one of the sidea, and the points B, F, G be respeelively joia 
(11 with each other, (2) with the opposite unglea : shew that the ti 
triangles bo formed, are equilateral triangles. 

IV. 

60. Describe a right-angled triangle upon a given base, haTtng 
given also the perpendicular from the nght angle upon the hy- 

61. Given one side of a right-angled trianHe, and the difference 
between the hypotenuse and the sum of the other two sidea, to coa- 
struct the triangle. 

62. Construct an isosceles right-angled triangle, having ^y\ 
(1) the sum of the hyi>otenuse and one Side ; (2) their difference. 

63. Describe a right-angled triangle of which ihe hyputoi 
and the ditference between the other two sides are given. 

64. Given the base of an isosceles triangle, and the aura or 
ference of a side and the perpendicular bam the vertex on the b 
Construct the triangle. 

65. Make an isosceles triangle of given altitude whose sides s 

EBss through two given points and liave ita base on a given strai^ 
ne. "^^ 

66. Construct an equilateral triangle, having giren tho length 
the perpendicular drawn from one of the angles on the opposite -'■'' 

67. Having given the straight lines which biKect the angles al 
base of an ei^uilaieral triangle, determine a side of the triangle, 

68. Having jjiven two sides and an angle of a triangle, dchuI 
the triangle, distinguishing the different caiies. 

69. Having given the base of a triangle, the difference of the«.-. 
and the difference of the angles at the base ; to describe the triangle. 

70. Given the perimeter and the angles of a triangle, to "" 

71. Having given the base of a triangle, and half the sun 
half the difference of the angles at lie basei to construct the trii 

72. Having aiven two hnea, which are not parallel, and a 
between them; describe a triangle having two of its angles i 

respeetive lines, and the third at the given point ; and such tlu 
mides shall he equally inclined to ibe \iiies viWli thej meet. 
73. CoDstnict a triangle, liav\ng gvvea "tiie xloiee Wb4 ^k^wo 
^oglea to bisect the sides opposite. 
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Given one of the angles at the baje of & triangle, the base 
itself, and the sum of the two remainmg sides, to conatruct the tri- 
angle. 

73. Given the baae, an angle adjacent to the base, and the dif- 
iiaence of the sides of a triangle, to conatruct it. 

Giyen one angle, a side opposite to it, and the difference oS 
the other two aides ; to construct the triangle. 

77. Given the base and the sum of the two other sides of & 
triangle, eonatrnct it so that the line whicii bisects the vertical 
angle shall be parallel to a given line. 



From a given point ■withoutagivenBtraieht line, to driwaline 
mailing an angle with the given line equal to a given rectilineal angle. 

79. Through a given point A, draw a straight line ^flC meeting 
two nven parallel straight lines in £ and C, such that SC may be 
equal to a given straight line. 

80, If the line joining two parallel Unea be bisected, all the lines 
drawn through the point of bisection and terminated by 'the parallel 
lines are also bisected in that point, 

61. Three given straight lines issue from b point; draw another 
■traight line cutting them so that the two s^ments of it intercepted 
v_. — ,u them may De equal to one another. 

-JB, .JCare two straight lines, Band C given pointa in the 
SD is drawn perpendicular to AC, and DB perpendicular to 
in like manner CFk drawn perpendicular to Ali, and I'Q to 
Shew that EG is parallHl to -BC. 
ABC is a right-angled triangle, and the Bides AC, AS are 



produced to D and J-'; bisect F£C and BCD by the lines BE, CE, 
Md from E let fall the perpendiculars EF, ED. Prove ( '' " 
assuming any properties of paiallela) that ADEFis a square. 



84. Two pairs of equal straight lines being given, shew how to 
construct with them the greatest parallelogram. 

85. With two given lines sA diagonafa describe a parallelogram 
which shall have on angle equal to a given angle. Within what 
limits must the given angle lie ? 

86. Having given one of the diagonals of a parallelogram, the 
sum of the two adjacent sides and the angle between them, construct 
the parallelogram. 

B7. One of the diagonals of a parallelogram being given, and the 
angle which it makes with one of the sides, complete the parallelo- 
gram, BO that tlie other diagonal may be parallel to a given hue, 

88. ASCD, A'BCZf ate two pai'allelograma whose coirea- 
ponding sides are eoual, but the angle A is greater than the angle 
a; prove that the iliamel«r AC is less tlian AC, but BD greater 
than BD: 

69. If in the diagonal of a parallelogram any two points equi- 

■ distant from iu exirtmiiicFi be joined with the opposite anjjjca, i 

■ figure will be formed which is also -a \iai:&\'ve\D^;ra.'m.- 
I BO. From each angle of a paroiMogTam. a \aie "■* ^rw*™.- 
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the lame angle toworda the same parts with an adjacent side,^ . 
always in the same order; shew that these lines form another porollelcH 
gram similar to the original one- 
Si. Along the sides of a parallelogram taken in order, measurfi: 
AA- = BB - CO = liO : the figure AB UO will he a paraUelogram* 

92. On the sides AB, BC, CD. DA. of a parallelogram, set off 
AE, SF, CO, DH, equal to each other, and join AF, BG, CU, DE: 
tbejic lines form a parollelograin, and the difference of the angle* 
AFB, BOC, equals the difierence of any tvo proximate angles of ths 
two parallelograms. 

93. OB, C are two straight lines at right angles to each othei^r 
through any point P any two straight lines are drawn intersecting 
OB, OC, in B, B, C, C, respective^. If D and D' be the middla! 
pointe of BB" and CO, shew that the angle B'FD' is equal to th». 
angle DOD'. 

94. ABCD is a parallelogram of which tlie angle (/is opposite to' 
the angle A. If through A any straight line be drawn, then the di>- 
tance of C is equal to the sum or difference of the distances of B and^ 
of D &om that straight line, according as it lies without or within tha' 



stretching two chains AC, BD, across a field ABCH, 
Ifind that'SDand j^Cmake equal angles with DC, and that AG 
makes the same angle witli AD that BD does with DC; heace provft 
that AB is iiarallel to CD. 

96. To nnd a point in the side or side produced of any parallelo- 
gram, Buoh that the angle it makes with the line joining the point 
and one extremity of the opposite side, may he bisected by the tine 
joining it with the other extremity. 

97. When the comer of the leaf of a hook is turned down a second 
time, so that the Unes of folding arc parallel and eqiiidistant, the space 
in the second fold is equal to three tunes that in the first. 

VI. 

96. If the points of bisection of the aides of a triangle be joined, 
Qie trianele so formed shall he one-fourth of the given triangle. 

99. Kin the triangle ABC, BC be bisected in D. AD joined 
and.biaected in E, 5E joined and bisected in F, and CP joined and 
bisected in O ; then the triangle EFO will be equal to one-eighth of 
the triangle .^-BC 

100- Shew that the areas of the two equilateral triangles i 
Prob. 69, p. 78, are respectively, one-third and one-seventh of the i 
of the original trjangle- 

101. To describe a triangle equal (o a given ti 
■flie base, (2) when the altitude of the required trian 

102. To describe a triangle equal to the sum or 
g^ven triBnglcs. 

103- l^on a given baee descrihe an isosceles triangle equal t( 
pFeo triangle, 
^04. Describe a right-angled triafiK^e e(\iM\ to ».?^^eTi trianf;^ J 

'as, 2b a ^j>en straight linea-pply ataiMi6\B'NVit\iAi^'^ftHp 
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parallelogram and have one of its angles equal to a given 
recti uneal angle. 

106. Transform a given rectilineal figure into a triangle whose 
Tertex shall be in a ^ven angle of the figure, and whose base shall be 
in one of the aides. 

107. Divide a triangle hy two straight lines into three parts -which 
■when properly arranged shall form s parallelogram whose angles are 
of a given magnitude. 

108. Shew that a scalene triangle cannot be divided into two 
parts which will coincide. 

109. If two sides of a triangte he given, the triangle will be 
greatest when the^ contain a right angle. 

110. Of all triangles having the same vertical angle, and whose 
bases pass through a given point, the least is that whosebase is bisected 
in the given point. 

111. Of all triangles having the samebase and the same perimeter, 
that is the greatest which has the two undetermined sides equal. 

112. Divide a triajigia into three equal parts, (1) by lines drawn 
from a point in one of the aides ; (2) by lines drawn from the angles 
to a point within the triangle ; (3) by lines drawn from a given point 
Irithin the triangle. In how many ways can the third case be donap 

113. Divide an equilateral triangle into nine equal parts. 

114. Bisect a jiarallelogram, [1} by a line druwn from a point in 
one of its sides: (2) by a line dra.wn from a given point within or 
wilhout it: (3) by a line perpendicular to one of the aides; (4) by a 
line drawn parallel to a given line. 

115. From a given point in one aide produced of a parallelogram, 
draw a straight hue which shall divide tlie parallciogram into two 
equal parts. 

116. To trisect a parallelogram by lines drawn (1) from a given 
point in one of its sides, (2) from one of its angular points. 

VIL 

117. To describe a rhombus which shall be equal to any given 
quadrilateral figure. 

lis. Describe a parallelogram which shall he equal in area and 
perimeter to a given triangle. 

119. Fmd a point in the diagonal of aaquare produced, from which 
if a straight line be drawn parallel to any side of the square, and 
meeting another side produced, it will form together with the pro- 
duced diagonal and produced side, a triangle equal to the square. 

120. If frtim any point within a par^lelogram, straight lines be 
drawn to the angles, the parallelogram shall be divided into four tri- 
angles, of which each two opposite are together equal to one-half of 
tbe parallelogram. 

121. TS ASCDhe a parallelogram, and E any point in the dia- 
gonal ^C or.<Cproduced; shew that the trian^tei EBCE-aC-stft 
equal, as also the triangles EBA and EBD. _„ , 

122. ABCD is a paraUelogram, dtOT DFG ^D.w«a^% »*- "^ 
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BJid AS produced in O i join JF, CO ; then will the triwigleB A.BJ', 
CFG be equal to one anothtjr. 

123. ABCD is a parallelogram, E the point of inte: 
diagonals, and K any point in AD. If KB, KC be joined, shew that 
the figure .BiT^C is. one-fourth of the parallelogram. 

124. Let ABCD be a pHJallelogmm, and O any point within it,, 
through O dran lines paroltel to the sides of ABCD, and join OAi 
OC; pro've that the diBerence of the parallel ograms DO, BO is twica 
the tnangle OAC. 

125. The diagonala A C, SD of a parallelogram inter 
P is a point within the triangle A OB ; prove that the difference oFtha 
triangles APB, CPD ia equal to the sum of the triangles APC, BPD,^ 

V-iG. li K he the common angular point of the parallelogranw 
about the diameter ^C(fig. Euc. i. 43.) laulBD be the other di&i 
meter, the ditference of these parallelograroE is equal to twice t' 
triangle BKD. 

127. The perimeter of a square ia less than that of any other psra]^ 
lelogram of equil area. ^" 

128. Shew that of ell equiangular parallelograms of equal p 
meters, that which is equilateral is the greatest. 

129. Prove that the perimeter of an isosceles tnangle ia grw 
than that of an equal right-augled parallelogram of the same altituda 

vm. 

130. If a quadrilateral figure is bisected by one diagonal, die 
second diagonal is bisected by the first. 

131. If two opi>osite angles of a q^uadrilnteral figure are equal, 
shew that the angles between opposite sides produced are equaL 

132. Prove that the sides of any fom:-sided rectilinear figure an 
tngether greater than the two diagonals. 

133. The sum of the diagonals of a trapezium is less than tlie si 
of any four lines which can be drawn to the four angles, from ai^ , 
point within the figure, except their intersection. 

134. The longest side of a given quadrilateral is opposite to ti 
shortest; shew that the angles adjacent to the shortest side are toge' 
greater than the sum of the angles adjacent to the longest aide. 

133. Give any two points in the opposite sides of a trujieziuin, it 
Kcrihe in it a parullelogrsm having two of its angles at these pointe. J 

136. Shew that in ever; qnadrildieral plane figure, two par^* 
grams can be described upon two opposite sides as diagonals, n 
Uiat the other two diagonals shall be in the same str.iight line and ec" 

137. Describe a quadrilateral figure whose sides shall be e 
four given straight lines. What limitation is necessary ? 

138. If the sides of a quadrilateral figure be bisected a 
points of hisBClion joined, the included figure is a parallelogra 
equal in area to half the original figure. 

139. A trapezium is such, tliat the perpendiculars let fall a 
diagonal trooi the opposite ans^le* aie cc^uiu. Divide the trape ' 

'"'" four e^ual triangles, by 6trwghl^ei4tawti\niiiaaa^giE*& 
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If two opposite sides of a trapezium be parallel to onH another, 
tie straight line iammg their bisections, bisects the trapezium. 

141. If of the four triangles into which tie dia^onala diride a 
tapeiium, any two opposite ones aie equal, the trapezium has two of 
"x opposite sides parallel. 

142. If two sides of a quadrilateral are parallel but not equal, 
Hnd the other two sides are equal but not parallel, the opposite angles 
ti the quadrilateral are together equal to two right angles: and 
Bonversely. 

143. If two aideaof a quadrilateral beporallel, and the line joining 
the midille points of the diagonals be produced to meet the other 

' i BO produced will be equal to half the sum of the 

and the line between the pointa of bisection equal to 

llalf their difference. 

144. To bisect a trapezium, [1) by a line drawn from one of its 
Migular poinU : (2) by a line drawn Irom a given point in one side. 

145. To divide a square into four equal portions by lines drawn 
a any point in one of its aiiles. 

146. It is impoRsible to divide a quadrilateral figure (except it be 
k parallelogram) into equal triangles by lines drawn nom a point 



Bquare on the other. 

148. Upon a given straight line construct a right-angled triangle 
,mch that the square outhe other aide may be equal to seven timet 
the square on the given line. 

. 149. If from the vertes of a plane triangle, a pernendicular fall 
Wpon the base or the base produced, the difference of the squares on 
Qxe aides is equal to the difference of the squares on the segmenlB of 
the base. 

150, If from the middle point of one of the sides of a right-angled 
tliangle, a perpendicular be drawn to the hypotenuse, the difference 
of the squares on the segments into which it is divided, is equal to the 
square on the other side. 

lot. If a straight Une be drawn from one of the acute angles of a 
right-angled triangle, bisecting the opposite side, the square upon that 
" is less than the square upon the hypotenuse hy three times the 
iiquare upon half the Qne bisected. 

152. If the sum of the squares on the three sides of a triangle be 
. eqnal to eight times the square on the line drawn from the vertex 
' to the point of bisection of the base, then the vertical angle is a 

JTght angle. 

153. If a line be drawn parallel to the hypotenuae of a right- 
angled triangle, and each of the acute angles be joined with the 
■>omts where this line intersects the sides respectively o^ijasUe. "ji 
iem, the squares on the joining Vines aT6 \o^W^(^ et\(i.^ "ia *q» 
tquarea on the hypotenuse and on t.\ie&iB ftiwjni.'^WE^fi.^Na*- 
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154, Let ACS, ADB be two rightanded triangles ha^ 
common hypotenuse AB, join CD, and on VI) produced both ivnya 
draw perpendiciUare A P., BF. Shew that CE* ^ OF' - DE' + DF\ 

155, If perpendiculars jJ J), SE, CF drawn from the angle ol 
the opposite sides of a triangle intersect in Q, the squarea on AB, 
BC, and CA, are together three limea the squares on AG, BQ, 
and CO. 

156, If ABC be a triangle of which the angle ^ is a 
angle ; and BE. CF he drawn hiaecting the opposite aidi 
HpectiTely: shew that four times the sum of the squares ol 
and CFis equal to five times the aquare on BC. 

167. If ASC he an isosceles triangle, and CD be drawn per>- 
pendicular to AB; the sum of the squares on. the three sides U 

AD''r2.BD'',S.CD'. 

153. The snin of the squares described upon the sides of a rbombuB 
is equal to the squares described on its diameters. 

159. A point is taken within a square, and straight lines diawa 
from it to the angulaj' points of the square, and perpendicular I ' 
aides i the squares on the first ai'e double the sum of the squai 
the tost. Shew that these siuna are least when the point is in the 
center of the square. 

160. In the figure Euc. I. 47, 
[a) Shew that the diagonals FA, AKot'&s squares on AS, .AC, 

lie in the same straight line. 

(i) If ZiJ^i _E.^be joined, the sum of the angles at the 'bwM 
of the triangles BFD. CEK ia equal to one right angle. 

(c) If Sffand CiTbe joined, those lines will be paraCel. 

\d) If perpendiculars be let fall from J^and X on .BC produced^' 
the parts produced will be equal j and the perpendiculars together' 
will be equal to BC. ' ^ 

(a) Join OH, KE, FD, and proye that each of the trianglea n 
formed, equals the given triangle ABC. 

(/) The sum of the squarea on OIT, KE, and FD will be eqnal 
to SIX times the aquare on the hypotenuse. 

(g) The difference of the squares on AB, AC, u equal to tha 
difference of the squares on AD, AE. 

161. The area of any two parallelograms described on the two 
sides of a triangle, is equal to that of a parallelogram on the base, 
whose side is equal and parallel to the line drawn from the vertex of 
the triangle, to the interscct'on of Ihe two sides of the former parslr 
lelograms produced to meet 

162. If one angle of a triangle be a right angle, and another; 
equal to two-thirds of a right angle, proTe from the First Book o(' 
Euclid, that the equilateral triangle described on the hypotenuse 
is equal to the sum of the equilateral triangles described upon, the 
u'dea which contain the right angle. 
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DEFINITIONS. 



I. 



Every right-angled parallelogram is called a rectangle, and is said 
to be contained by any two of the straight Hnes which contain one of 
th^ right angles. 

n. 

In everjr parallelogram, any of the parallelograms about a diameter 
together witn the two complements, is called a gnomon. 

A E D 
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y^ 


B < 


» 
It C 



" Thus the parallelogram EG together with the complements AF, FC, 
is the gnomon, which is more briefly expressed by the letters AGK, or 
EHCf which are at the opposite angles of the parallelograms which make 
the gnomon." 



PROPOSITION I. THEOREM. 

If there he two straight lines, one of which ia divided into any number 
of parte; the, rectangle contained by the two straight lines, is equal to the 
rectangles contained by the undivided line, and the several parts of the 
divided line. 

Let A and JBChe two straidbt lines; 
and let BC be divided into any parts JBD, DE, EC, in the points D, E, 
Then the rectangle contained by the straight lines A and BC, shall 
be equal to the rectangle contained by A aiS. BD,\G^^'5st^^^*^B>aS% 
contained hy A and DE^ and that contsine^ V^ A ^sA ^C2» 



EUCLID S ELEMENTS. 



I 



From the point B, draw BF a.t liglit anglea to BC, (l. 11.) 
aud make BG equal Xa A; (l. 3.) 
through G draw GiZparaUel lo BC, (i. 31.) 
and through Z», K C, draw Da, HL, Cif parallel to BO, meetinB 

GJ{ijiK,Z,H. 

Then the rectangle BSia equal to the rectangles BE, DL, EH. 

And BSJa coutained by A and 3C, 

for it is contained by OB. B C, and GB is equal to .4 : ■ 

and the rectangle BK is contained by A, Bl), 

for it is contained by OB, BD, of which GB is equal to A : 

also liL is contained bv .^, DE, 

because DS", that is, SO, h. 34.) is equal to A ; 

and in like manner the rectangle EH is contained by A, Ed 

therefore the rectnngle contained hy A, JBC, is equal to the sereral 

rectangles contained by A, BD, and by A, HE, and by A, EC. 

"Wherefore, if there be two straight lines, &c. q.e.d. 



PROPOSITION II. THEOREM. 



Let the straight line .^5 be divided into any two parts in the point C 
Then the rectnngle contained by AB, BC, togflher with that con- 
tsined by AB, AC, shall be equal to the square on AB, 



Upon ^Bdeaeribethe square ADEB, (i. 40.) and thtougli Cdrair 
CJ' parallel to AD or BE. (l. 31.) meeting BE in F. 

Tlien AE is equal to the reciangles AF, CE. 

And AE is the square on AS ; 

and .^-Pis the reclangJe" contained by 3A. A C; 

for it is contained by HA, A O, of which DA is equal to AB : 

and CE is contained by AB, BC, 

for Bi' is equal to AB: 

thererore the rectangle contained by AB, AC, together mth the 

rectsngle AB, ISC is equal Vo the square on AE, 

if therefore a straight line, S:c. a-E.D. 



PROPOaiTION UI. THEOREM. 



liraight line be divided into any Imi par. 
Ae ichale and one of theparti, ii cqvtil to tlie ti 
together with the tgaart on the aftrtetaid pt 



angle contained bt) the t 



Let the Straight linB-.4B he divided into any two parts ii 

Then the rectanfjie AB. BC, shall be equal to the re 

AC, CB, together with the square on BC. 



Upon SCdescribe the square CBEB, {r. 46.) and produce ^D to J", 

through A draw ^ J' parallel to CD or BE, (I. ai.) meeting i'i-'in F. 

Then tlie rectangle AE ia equal to the rectangles AD, CM 

And AE is the rectangle contained hvAB, BC, 

for it is contained by -4 B, BE, of which J9£ is equal to SO: 

and AD is contained hy A C, CB, for CD is equal to CB : 

and CE U the square on BC: 

therefore the rectangle AB, BC, la equal to lie rectangle AC, CB, 

together with die square on BC. 

If therefore a straight line be divided, &c aE.S. 

PROPOSITION IT. THEOREM. 
If a ttraight line be dhided into any tao parts, the square on the ahok 



Let the si 

Then the square on AB shall be equal to the squares on AC, and 
CB, together nith twice the rectangle contained by AC, CB. 



Upon AB describe the square ADEB. (I. 46.) join SD, 
through C draw CGF parallel to AD or BE, (l. 31.) meeting BD 

in e and D£ in F : 
and through G draw SOS parallel to AB or SE, meeting AD in 

H, and BE in E; 
Then, because CF is parallel to AD and BD folia upon them, 
efore the exterior angle BGCis equal to the interior and opposite 
angle SDA , (i. 29.) 

but the angle BDA is equa\ to the on^e t>EA,i^5.>4 
becauBe BA is equal to AD,teingav&*Qia.w)pa-t*''i 
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wherefore the angle BOCia eqiinl to lie angle DBA or G^l 

and therefore the side JSCia equal to the side CQ; (i- 6.) 

hat SC is enMBlaiso to GJi, ma CO to BE; (1.34.) 

wherefore the figure CQK3 ia equilateraL 

It b likewise rectnngular ; 

for, since CG is parallel to BK, and ^Cmeela them, 

therefore the anglen KBC. SCO aie equal to two riglit angles ; (i. 29.) 

but the angle -fiTBCia aright angle; (def. 30. conBtr.) 

wherefore BCG is a rii.'ht angle r 

and therefore also the angles CGK, GKB, opposite to these, are right 

angles ; (L 34,) 

wherefore CGKB is rectangular : 

. but it IB also equOaleral, aa was demonBtrated ; 

wherefore it is a square, and it is npoti the side CB. 

For the same reason ILF ia a square, 

and it is upon the side HG, which is equal to A C. [i. 34.) 

Therefore the figures EF, CK, are the squares on A C, CB. 

And because the complement .dff is equal to the complement QE, 

(I. 43.) 

and that AO\^ the rectangle contained by AC, CB, 

for ffCis equal to CB; 

therefore OE is aUo equal to tlie rectangle A C, CB ; 
wherefore AG, GEare equal to twice the rectangle AC,CB; 
andMF, CJC are tho squares on^C, CB ; 
wherefore the four figures HF, CE, AG, GE, are equal to the 

squares on A C, CB, and twice the rectangle AC,CB: 
but IIF, CE, AG, GE make up the whole figure ADEB, which 

in the square on AB ; 
therefore the square on ^^is equal to the squares oa AC, CB,ani' 

twice the rectangle ^C, CB. 
Wherefore, if a Btra]ght line be divided, &e. Q.E.n. 
Coa. Prom the denionstration, it in manifest, that the parallelo- 
grams about the diameter of a square, are likewise squares. 

PROPOSITION T. THEOREM. 

If a ilraiff^ line be divided into Itpo efual parts, and also inlo (iw 
rqual parCi ; the reclangla contaiiiBd by ths uneqfuil parts, iogclher leiiA 
aijitare on llie line between the poinla of ieclion, it equal to the symo't on 

half the line. 

Let the straight lino AB be divided into two equal parts in the 

point C, and into two unequal parts in the point D. \ 

Then the rectangle AD, DB, together wilh the square on CD, shftll 

be equal to the square on CB. 
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Upon CB deaerlbe the squiire CSFB, (l. 46.) join BE. 
through D draw DUG iianJlel to C£ or BF, (i. 31.) meeting DE 

in S, and EF in G, 
and through E draw i'ijf parallel to CB or EF, meeting CE 

inL.B.nABFiaM; 
3 through A draw AK parallel to CZ or BM, meeting ilfiXin X. 
en because the cilmplement CH is equal to the complement IIF, 
43.) to each of these equals add DM; 

therefore the whole CMia equal to the whole DF; 

but because the line ^ C is equal to CB, 

therefore AL is equal to CM, (l. 36.) 

therefore, also AL is equal to DF; 

to each of these equals add CS, 

and therefore the whole AH is equal to DFand Cff; 

lUt .^iffis the rectangle contained hyAD, DB, for DSh equal to DB; 

and DJ" together with clf ia the gnomon CMG] 

therefore the gnomon CMG is equal to the rectangle AD, DB : 

to each of these equals add ZiG, which is equal to the square on 

CD; (II. 4. Cor.) 
therefore the gnomon CMG, together with LG, is equal to the 

rectangle AD, DB, together with the square on CD: 
but the pomon CMG and ZG make up the whole figure CEFB, 
which IS the equere on CB ; 
flierefore the rectangle AD, DB, together with the square ou CD 
is equal to the square on CB. 

Wherefore, if a straijf ht line, &c. Q. e. n. 
CoK. From this proposition it is manifent, that the difference of 
e squares on two unequal hues AC, CD, is equal to the rectangle 
ntaoned by their sum AD and their difference DB. 

PROPOSITION TI. THEOBEM. 

Ifaitraight line be bieecled, and produced to any point; the nctangU 
ttained by the whole line thm prodiuxd, and the pari of it produced, 

'.her wilh the iqaare on half the line tiaeettd, it egual to the eijuare on 

itraight line ahich u made up of the half and the part produced. 
^ the straight line AB be bisected in C, and produced to the point D. 

Then the rectangle AD, DB, together with the square on CB, shaU 

equal to the sqaare on CD. 
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Upon CD describe the square CEFD, (l. 46.) and join DE, 
through B draw BJIG paWUel to CE or DF, (l. 31.) meeting DE 

mH,imdEFm G: 
through H draw ELM parallel to AD Ot EF, ■ca'it'aiit li'^ ''S' ' 

M.and CEinL; „. 

'■ thtough A draw AK parailel to CL ot DM,iiifta'^a^*^*-"™ 
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Then because the line AC'm equal to CS. 

therefore the rectangle AL i« equal to the ructsngie Cff, (l, 36.) 

hut Cff ia equal to BF; {i. 43.) 

therefore AL ie equal to IIF; 

to each of these equaL* add CM; 

therefore the whole AMia equal to the gnomon CM&: 

hut A3I in the reoWngle contained hy AD, HB, 

for DM is equal to DB : (II. 4. Cor.) 

therefore the gnomon CMQ ia equal to the rectangle AD, DS: 

to each of these equals add LQ which ia equal to the square on OS 

therefore the rectangle j4i*. DB, together with the square on CB,: 

equal to the gnomon CMG, and the figure LQ\ 
but the gnomon CMG and LO make up the whole figure CEFD, 

which is the square on CD ; 
therefore the rectangle AD, D3, together with the square on CBj 
IB equal to the nquare on CD. 

Wherefore, if a straight line, &c. Q.E.D, 

PEOPOSITION Vn. THEOREM. 

I/a itraigM line be divided into any too parli, tht iguam on Ike lehoU 
line, an/i OH one of l/ie parte, are rgual to Iwiee lAe rectangle contaii ' ' 
lAe tn/iolt and t&a! part, togeUicr teitk Ike square on the other part. 

Let tiie straight line .^ S be divided into any two parts in the point C. 

Then the squares on AB, B'CshaM. be equal to twice the reotangli 
AB, BC, together with the square on A C, 



Upon A3 describe the souare ADEB, (i. 46.) and join BD; 
through Cdraw CFparallel to AD or BE (l. 31.) meeting BD\ 

G, and DE in F; 
through a irsMi HGK-^BjeaRelio AB 01 BE, meeting ^D in .&; 
and BE in K. 

Then because ^ O ia equal to GE, (l. 43.) 
add to each of tliem CK; 
therefore the whole AK is equal to the whole CE; 
and therefore AK, CE, are double of ^X: 
hatAK, CE, are the gnomon .rfA'i^ and the square CE; 
therefore the gnomon AKFijii the square CK are double o{ AK: 
but twice the rectangle AB. BC, is double o{ AK, 
for BK is equal to BC: [II. 4. Cor.) 
therefore the gnomon AKFaai the square CK, are equal to twice the 
rectangle ^B, BC; 
to each 01 these equals add KF, which is equal to the souare on A C, 
therefore the gnomon AKF,anAl\ie squaieiCiC.flrf, are equal la 
emce the rectangle AB, BC. and the Bnuwe on. AC-, 
but the gnomon A£F, together willitiieKjiiMes CK,HF, 
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wliole figure ADEB and CK, which art. the squarea on AB 
VtiABC; 

therefore the squares on ^S and B Care equal to twice the rectangle 
AB, BC, lonether with the square on AC. 

Wherefore, il'a straight line, &c. Q.E.D. 



PROPOSITION vm. 



THEOREM. 
four tim, 



if a ttraighl line be dii 
tontaineii by (he ahole tin 
(id olAtrpari, ia egual toi 
iff t/te K/iola and thai part. 

Let the straight line ji5 he divided into any two parts in the point C. 

Then four times the rectangle ^S, 5 C, together with the aquare on 
A C, shall be equal to the square on the straight line made up of AB 
and £C together. 
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ind GS to £JVi {I. 36.1 
o ^jV, (I. 43. ) 
:a of the parallelogram CO ; 



Produce AB to D, bo that BD he equal to CB, (l. 3.) 
Upon AD deacribe the square AEFD, (i. 46.) and join I)E, 
ihroughi, C,draw£X, C.H parallel to ^i! or iJJ', and cutting i)£ 
in the pointa K, P respectively and meeting JJ.Fin L, II; 
through K, P, draw MGKN, XPRO parallel to AD or EF. 
Then because CB is equal to BB, CB to GK, and BB to KN; 
therefore GK is equal to KN i 
for the same reason, FR is equal to RO ; 
and because CB is equal to BB, and GK to KN, 
therefore the rectangle CK is equal i 
but CK ia equal t< 
because they are the eomplemen 

therefore also BNii equal u 
Old the four rectunglea BN, CK, OR, IIN, a: 
&nd so are quadruple of one of them CK. 
Again, because CB is equal to BD,aaABBtaBK,'iks.\h,Ui CQ\ 
and because CB is equal to GK, that is, to GP ; 
therefore CO is equal to GP. 
■ And beeauae CG is equal to GP, and PR to RO, 
therefore the rectangle AG\& equal to MP, and PL to RF\ 

but the rectangle MP is equal to PL, (l. 43.) 
because they are the complements of the parallelogram ML: 

wherefore also AQ m equal lt> RF: 
refore the four rectangles AO, MP, PL, RF, are equal to one 

enother, and so are quadruple of one of them AG. 
And it was demonstrated, that the tova CK,BN,tlB.,ajAB."S,^«- 
quadruple of CK : 
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tbereforH the eight rectangles which contain the gnomon JOff,ai 
quadruple afAK. 
And liecause AK ia the rectangle contained by AB, BC, 
for ifiTiB equal to ^C; 
therefore four times the rectangle AB, BC is quadruple o^ AK: 
but the gnomon AOHvim demonBttated to be quadruple oS AK; 
therefore four times the rectangle ^B.BCisequal to the gnomon -4 Oifj 
leh ol' these equals add AJT, which ia equal to the square on '"- 
therefore four times the rectangle AB, BC, together witn the sc 
on^C, is equal to the gnomon AOH aiid the square XH; 
but the gnomon A OS and ^S make up the figure AEFB, which is 
the square on AD; 
therefore four times the rectangle AB, BC together with the square 
;in AC, is equal to the square on AD, that is, on AB end BC added 
together in one straight line. 

Wherefore, if a straight line, &c, Q. E. D. 

PROPOSITION IS. THEOpEM. 
If a ttraight line be divided into (loo equal, and also itila two tmegual 
partt ; the aquarei on the ttco unequal parli nre logetheT double of the sqiiare 
en halfthi lite, and of Ike square on the iine Jedoeen the pointi ofiection. 



Let the straight line v4B be divided into tno equal parts in the point 
C, and into two unequal parts In the point D. 

Then lie squarea on AD, BB together, shall be double of the 
squares ' "" 



From tlie point Pdraw CE at right angles to AB. (l. 11.) 

make CE equal to -J C or CB, (I. 3.) and join EA, EB ; 

tirough D draw DJ' parallel to CE, meeting EB in F, {l. 31.) 

through J" draw EG parallel to BA, and join AE, 

Then, because ^ C is equal to CE, 

therefore the angle AEOis equal to the angle EAC; (t, fi.) 

and because A CE ia a right angle, 

therefore the two at)KTWi§hsAEC,EAC of the triangle aretogethei 

equal to a right angle ; (l. 32. ) 

and since they are equal to one another ; 

therefore each of tliem is half a right angle. 

■For the same reason, each of the angles C£B,-Ei(t'is half aright anglei 

and therefore the whole AEB is a right angle. 

And because the angle GEF is half a right angle, 

and EGFa right angle, 

■or it ia equal to the interior and oppoBite angle ECB, (l. 29.) 

therefore the remaining angle EFQ ia half a right aa^Xe \ 

wherefore the angle OFF ia equal to the angle EFG, 

and the side &/" equal to the aide EG. tj..6.'l 
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Again, because the angle at £ is half a right angle, 

and FIjB a right angle, 

for it is equal to the interior and opposite an^Ie ECB. (l. 29.) 

therefore the remaining angle B%J} ia hall a right angle j 

wherefore the angle at B is equal to the angle BI'JJ, 

and the sida DF equal to lie eide DB. (l. 6.) 

And because AC a equal to CS, 

the square on ^Cia eqcnl to the square on C£; 

therefore the Nquares on AC, CE btb double of the square on ACf 

but the square on AS ia equal to the souares on AC, VE, (I. 47.) 

because A CE ia a right anele ; 

therefore the square on AE \a double of the square on AQ. 

Again, because EO is equal to OF, 

the square on EG is equal to the square on OF; 

therefore the squares on EQ, GF are double of the square on GF; 

but the square on _EJ*'i3 equal to the squares on EG, GF; (l. 47.) 

thereibte the aquare on EFa double of the square on GF; 

and GFii equal to Cli; (l. 34.) 

therefore the square on EF ia double of the square on CD ; 

bnt the square on AE is double of the square on A C; 

Jhereforethesquareson-i-E. iJ^ are double of the squares on -iC, CD% 

but the square on AF is equal to the squares on AE, EF, 

because AEF is a right angle ; (l. 47.) 

therefore the square on .^i^is double of the squares on A C, CD: 

but the gquares on AD, DFrti& equal to the square on AF; 

because the anfjle ADFis aright angle; (i, 47.) 

therefore the squares on A D, DF are double of the squares on A C, CD ; 

and DFii equal to DB; 

therefore the squares on .^Zi.ZIB are double of the squares on 4 C, CD. 

If therefore a straight line be divided, &C. Q.E.D. 

PEOPOSTTION X. THEOEEM. 
If a Hraight line be biiecled, and pnidtieed to any point, l/u ijuari on 
■He vihole lint tliu» praiiieeil, and the aquare on the part of it prodwed, ara 
•logeiltar dotible of the iguare mi half the line bisected, aiirf of the igvare on 
tlie line made up of the /uilfand the pari produced. 

Let the straight line AS be bisected in C, and produced to the 
: point D. 

Then the squares on AD, DB, shall be double of the squares on 
AC, CD. 



From the point Cdraw C'B at right angles to .^B, (l. 11.) 

wake 6'£ equal to ^Cor CB, {!. 3.) and join AE. EB; 

through £ draw EFpQrBlie\VoAB, ^^.'i\>, 

and through D draw U P ptiralle\ to CE, mae^Oi't £fv 
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Then becaiue the atraight line ^P meets the parallels CE, FD< 
therefore the angles CEJ-', EFD are equal to two right angles ; (l. 39.) 
and thereiote the angles BEF, EFD are leas than two right angles, 
tut straight lines, which with another straight line make the in- 
ir angles upon the siame aide of a line, less than two right angles, 
meet il' produced far enough ; (I. ax. 12.) 
therefore ££, FD will meet, if produced towards S, D; 
let them he produced and meet in G, and join AG. 
Then, because A Cm equal to CE, 
(terefore the angle CEA is equal to the angle EAC; (r. 5.) 
and the angle A CE is a right angle ; 
tiierefo^e each of the angles CEA, EA C is half a right angle. (l. 32.) 
For the t-ame reason, 

each of the angles CEB, BBCishalf a right angle; 

therefore the whole AEB is a right angle. 

And hecBUse EBCis half a right angle, 

therefore DBG is also half a right angle, (l. IB.) 

for they are vertically opposite ; 

hut BDG is a right angle, 

hecause it is equal to the alternate angle DCE; (l. 29.) 

therefore the remaining angle DGB is half a right angle ; 

and is therefore equal to the angle DBO; 

wherefore also the side BD ia equal to the side DO. (l. 6.) 

Again, because EGF is half a right angle, and the angle at Fa a 

right angle, being equal to the opposite an^le ECD, (I, 34.) 

therefore the remaining angle PEG is half a right angle, 

and therefore equal to the angle EGF; 

wherefore also the side GF ia equal to the side FE. [l. 6.) 

And hecause EC is equal to CA ; 

the square on EC is equal to the square on CA ; 

therefore the squares on EC, CA are double of the square on CA \ 

but the square on EA ia equal to the squares on EC, CA ; (l. 47.) 

therefore the square on EA is double of the square on A C. 

Again, because GF'a eaual to FE, 

the square on GF is enual to the square on FE j 

therefore the squares on OF, FE are double of the square on FE; 

but the square on EG is equal to the squares on OF, FE; (l- 47.) 

therefore the square on EO is double of the square on FE; 

and FE is equal to CD; (l. 34.) 
wherefore the square on EO is double of tlie square on CD j 
but it was demonstrated, 

that the square on EA is double of the square on A C\ 

therefore the squares on i'^.^G' are double of the square.'( on J C, CD; 

but the square on J G is equal to the squares on EA, EO; (l. 47.) 

therefore the square on AG is double of the squares on AC, CD: 

but the squares on AD, DO are equal to the square on ^( O ; 

therei'ore the squares on AD, DO are double of the squares on A C, CD ; 

but-DGisequaltoiJfii 

tJiere&re theegaares on AD, DB are double of the squares on A C. CD. 

yfTierefore, if a straight line, &c. Q.t.o. 



PROPOSITION Xt. PROBLEM. 

To divide a given straight line inlo ftm parti, lo that tks recdtny^o tfon- 
aeil by the viAole and one of the parU, shall be eqfial to the ijuara on 
other part. 

Let AB be the given straight line. 
It ia required to divide AB into two parts, so that the rectangle 
contained by the whole line and one ot the pnrta, shall be equal 
lo the square on the other part. 



H 



Upon AB describe the square ACDB; (i. 46.) 

bisect ACin E, (l. 10 ) and join BE, 

produce CA to F, and make JSJ' equal to EB, {t. 3.) 

upon ..IJ" describe the square FGHA. (i. 4B.) 

Then AB lihall be divided in K, so that the rectangle AB, BR is 

equal to the square on AH. 

Produce G-ffto meet CD in E. 
len because the straight line ..J C ia bisected in E, and produced to .F, 
therefore the rectangle CF, FA together with the square on AE, 
IB equal to the square on EF; (II. 6.) 

h^lEFme^aeXloEBi 

therefore the rectangle CF, FA Icgether with the square on AE, is 

equal to tiie square on EB ; 

but ^e squares on BA, AE are equal to the square on EB, (1. 47.) 

because the aiiele EAB is a right angle ; 

therefore therettangle CF, FA, together with the square on AE, 

is equal to the squares on BA, AE; 

take away the square on AE, which is common to both; 

therefore the rectangle contained by CF, F'A is equal to the square 

on .5^. 

But the figure FK is the rectangle contained by CF, FA, 

for FA is equal to FG ; 

and AD is the square on AB; 

therefore the 6gure FK is equal to AD; 

take away the common part AK, 

therefore the remainder FM is equal to the remainder HD ; 

but HD is the rectangle contained by AB, BM, 

for AB is equal lo BD | 

and -Fir is the square on AH; 

therefore the rectangle AB, BH, is equal to the square on AB. 

Wherefore the straight line AB ia divideAm H, to •CwA SS^e 

rectangle AB, BII is equal to l\ie M\uaie Qti AH. '4.^-'* 
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pEoposmoN Sir. theoeem. 

In obluie-angUd triangUa, if a perpendicular be draUM from eiihar ef 
Ihe acute angles to Ilia oppoiiie tide produced, tht sipiare on the tidt lA- 
tending the obtuaa angle, is greater t/Um the sqaarct on Iht lidei cotUaining 
the obtuie angle, &g laice the rectangle contained by the lide upon whieh^ 
ahen produced, Iha perpendicular falh, and the ttraigkt line inlereeftid 
mithout the triangle betaeen the perpendicular and the obiuee angle. 

LetABChe an obtuse-angled triangle, having the obtuse Uicle 
A CS, and &om the point A, let AD be drawn perpendicuLu to iC 
produced. 

Then the Bquare on AB ehaM be greater than the squares on AC 
CM, by twice the recUngle £C, CD. 



BecBUse the straight line SD h divided into two parlfl in the poitt C, 
tnerefore the Bijuare on SB is equal to the squares on MC, CD, 
and twice the rectangle BC, CD ; fii, 4.) 

to each of these equalH add the, square on DA ; 

therefore the squares on SD, DA are equal to the squares on Sfl 

CD, DA, and twice the rectangle SO, CD; 

but the square on BA is equal to the squares on BD, DA, (li 47i) 

because the angle at i> is a right angle ; 

and the square on CA is equal to the squares on CD. DA ; 

lliereibre the square on SA is equal to the squares on BC, CA, and 

twice the rectangle BC, CD; 
that is, the square on SA h fireater than the squares on SC, CA, }>f 
twice the reclsngle SC, CD. 

Thereforein obtuse-angled triangles, Sea. Q.E.D. 

PROPOsrnoN xni. theorem. 

In siipry triangle, the iquare on the lide tiMending either of fAfl oeutt 
angles, it lest than the squarci on the sidei containing that angle, by lieiel 

by either of theee lidfs, and Che ilmij/hl line fM»- 

"on afitm 

l/U oppoaile angle. 

Let ABC be any triangle, and the angle at B one of its acute 
angles, and upon SC, one of the sides containing it, let fall tfao, 
perpendicular AD from the opposite angle. (l. 12.) 

Then the square on ^ C opposite to the angle B. shall be less than 
the Bquares on CJi, BA, by twice the rectangle CS, SD. 
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First, let AB fall within the trittngle ABC. 
Then because the straight line CB ia divided into two parts in B, 
I the squares on CB. BD are equal to twice the rectangle contained by 
' CB, BD. and the square on BC; {n. 7.) 

to each of these equals add (he square on AD; 

QiereTore the squares on CB, BD, DA, are equal to twice the 

rectangle CB, BD, and the squares on AD, BC; 

but the square on AB is equal to the Etjuarea on SB, DA, (l. 4T.) 

because the angle BDA ia a right angle ; 

and the square on ^Cis equal to the squares on AD, DC; 

therefore the squares on CB, BA are equal to the square on A C, 

aA twice the rectangle CB, BD: 

the square on ^Calone is less than the squares on CB, BA. 
by twice the rectangle CB, BD. 
Jecoadly, let AD fall without the triangle ABC, 



Then, because the angie at Z) is a right angle, 
the angle A CB is greater than a right angle ; (l. 16.) 
and therefore the square on AB is equal to the squares on AC, CB. 
and twice the rectangle jBC, CZ); (11.12.) 

to each of these equals add the square on BC; 

therefore the squares on A3, BC are equal to the square oa AC, 

twice the square on BC, and twice the rectangle £C, CD; 

hut because SB is divided into two parts in C, 

therefore the recUngle BB, BC is equal to the rectangle BC, CD, 

and the square on BC; (n. 3.) 

and the doubles of these are equal ; 
that is, twice the rectangle DB, BC is equal to twice the rectai^la 
BC, CD and twice the square on BC: 
llierefore the squares on AB, SCare equal to the square on AC, 
and twice the rectangle BB, BC: 
vlierefore the square on .^C alone is less than the squares on.ij£,.8Ci 

by twice the rectangle DB, BC. 
Lastiy, let the side AC be perpendicular to BC 



Tlien BC is the Btmght line between the perpendicular and the 
cute angle at B; 
I and it is manifest, that the squares on AB. BC, are equal ta tlie 
n-4(^ andtwicethBBqaaieoTvBC. \j-'i^^ 
llerefore in any tnaagVe, 8w. (V'^.'O- 
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PROPOalllON XIV. PROBLEM. 

To deu^lbt a iquare that ihall be egtml lo a ffiven rectilineal jSgurg. 

Let A be llie giyen rectilineal figuie. 
It is required to describe a square that Bhall be equal to J., 



] 






Theii, if the sides of it, BJB, EB, are equal U 

it is a square, and what naa required is now uooe. 
But if BE, ED, are not equal, 
produce one of them BE to E, and make EF equal to ED, 
bisect a J' in G; (I. 10.) 
horn the center Q, at the distance GB, or GF, describe the semiciicle 
BRF, 

and produce DE to meet the circumference in S. 
The square described upon EH sbdl bo equal to the given n 
lineal figure A. 

Join GR. 

Then because the straight line BF is divided into two equal parts 
in the point G, and into two unequal parts in tbe point E; 

therefore the rectangle BE, EF, Wgetlier with the sqaare on EO,' 
is equal to the square on OF; (tl. 5.) 

but GFh equal to GIT; (dcf. 15.} 
therefore the rectangle BE. EF, together with the square on .BO, is 

equal to the square on GH; 
but the squares on HE, EG are equal to the square on GH; (l. 47J 
therefore the rectangle BE, EF, together with the square on £»,' 
is equal to the squares on HE, EG ; 
take away the square on EG, which is common to both ; 
therefore the rectangle BE, EFis equal to the square on HE. 
But the rectangle contained by BE, EF is the parallelogram J 
because EF is equal to ED ; 

therefore SD is equal to tbe square on EH; 

hut ED is equal to the rectilineal figure A ; (constr.) 

therefore the square on EH ia equal to tliE rectilineal Sguie A. 

Wherefore a square has been made equal to the given reotilL 

figure A, namely, the square described upon EH. Q.K.F, 
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H0TE8 TO BOOK U. 



In Book I, Geometrical msgnitudeB of the same kind, lincB, Bnglen 
id Burfacea. mote particularly trinii^lM and pEiriinclu)>rams, ore corn- 
ed, either bb beia^ absolately equel, ot utiequul to one another. 
In Book 11, the propertlea of right- anKlcd parallelogniiaB, but without 

._ ji,gij magiiitudea, are dumoniitrated, and an impoitaut 

made of Euc. i, 47. to acute-angled and obtuBt-angled 

3 _uolid has given no definition of a Teciangatar paralklograta 

'Ktanglt : piobablyjOecauBe the Greek eiprcs-iioii ■"■apnWijXrlypdiijiof 
orfMiuni, or BfiOayu'i/iBir Eimply, is a, definition of the figure. In English, 
term rselangle, formed from rechu angulus, ought to be defined before 
properties are demonstmted, A rectangle may be dehned I" ' 



aralleiogram having one angle a right-angle, or a right angled paral^ 
~'Qeramj and a squara is a rectangle having all its aides equu. 

JlB the squares in Euclid's demonstrationB arc squares dcBCribed or 



Lpposed to be described on atrnight lines, Ihe c 

I AS," is a more apprupriate abbrevialion for " the iquare described on 
e line AB," than " the ijware o/ AB." The latter expression more 
Ij expieases the arithmetical or algebraical equivalent for the square 
1 Hui Une AB. 

In Euc. I. 35, it may he seen that there may be an indefinite number 
'puttUelograms on the same base and between the same parallels whOBe 
"I always equal to one another ; but that one of them has all its 

£ 'it angles, and the length of its boundary less than the boundary 
er praallelogram upon the same boae and between the same 
liela. The area of this rectangular para.llelogram is thereforn de- 
xmined by the two lines which contain one of its right angles. Hence 
ia stated in Def. 1, that every right-angled {larallelogram i) laid to be 
Mainai by an; two of the straight lines which contain one of the right 
Dgles. Ho distinction ia made in Book ii, helweeD ■ qatlilg and ideulitg, 
the rectangle may be said to be contained by two Hnea which are 
[Ual reapeciively to the two which contain one right angle of the figure, 
may be remarked that the rectangle itself ia boiouliid by four straight 

It is of primary importance to discriniinate the Oeometrical conception 
B rectangle fi-om Ihe Arithmedcal or Algebraical representation of it. 
tte Euliject of Geometry is magnilitda not nuinber, and therefore tt Would 
I a departure from strict reasoning on space, to substitute in Geometrical 
^moostrations, the Arithmetical or Algebraical repi^aentiition of a rect- 

'' fbi the rectangle itself. It is however, absolutely neceasDry that 

I connexion of nttmber and magniludB be clearly understood, as fat 

regflrds the representation of lines and areas. 

AU lines are measured by lines, and sU Burfacea by surfaces. Some 
WB line of deilnite length is arbitrarily assumed as the linear unit, and 
le length of every other line is represented by the number of linear 
lits, pontained in it. The square ia Che fi^re assumed for the measure 
faur&cea. The square unit or the unit of area ia aasmned to be that 
luare. the side of which ia one unit in length, and the magnitude of 
fery suiface i' represented by the number of square unita contained 
, it. But here it may ba remarked, tl«iX ^1^B v'^^^''^'* ''^ -teO*!-!^** 
id sguorea in the Second Book at Ewclia me Tjiosti. 'avic^iraAKBSlsii 
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of the consideration, whether the sides of lie reetaneles can be repre-. 
senled by any multiplea of the saine linear unit. If, tiowcvi 
Bides of rectangles are supposed Co be divisible into an exact u 
of linear units, a numeiical representation for the area of a rei 
may be deduced. 

On two lines at right angles to each other, take A B equal to 
AD equal to 3 linenr uniU. 

Complete the rectangle ABCD, and through the paints of division oCl 
AB. AD. draw EL, FM, G A' parallel to AD; and HP, KQ parallel K 
AB lespectivetj, 

A E g Q B 



TliEn the whole rectangle ilC is divided into squares, all equal to eaofa 

And AC is equal to the sum of the reetanglea JL, EM, FN, OC ; (ii. I.J 

aUo these rectangles are equal to one another, (i. 36.) 

therefore the whole AG is equal to four times ons of them A/,. 

Again, the reotangle AL is equal to the rectangles £H, Hit, RD, 

and tbeee rectangles, by construction, are squares described npon tha 

equal lines AH, HK, KD, and are equal to one another. 

Therefore the rectangle AL is equal to 3 limes the aqnace on AH, 
but the whole rectangle AC is equal to 4 times the rectangle AL, 
therefore the rectangle AC hi x 3 times the square on AH, or 13 

that is, the product of the two numbers which express the number o^ 
linear units in the two sides, will give the number of square unitB in thS 
rectangle, and tticrefore will be an arithmetical lepcesentation of its area; 

And geneially, if AB, AD, inatead of i and 3, consisted of a and t 
linear units respectively, it may be shewn in a similar manner, that tht^ 
areaof tlie rectangle ;1C would contain ui square units ; and therefore th^ 
product oi is a proper representation for the area of the rectangle AC. 

Hence, it follows, that the term redangU in Geometry corresponds 1 
the term product in Arithmetic and Algebra, and that a similar eon 
parison may be made between the products of the two numbers which 
represent the sides of recungles, as between the areas of the recta" ^ ~ 
ihemsclves. This forms the basis of what are called Arithmetic 
Algebraical proofs of Geometrical properties. 

If the two sides of the rectangle be equal, or if A be equal 
the figure is a square, and the area is represented by on or a'. 

Also, since a triangle is equal to the half of a parallelogram of the 
same base and altitude ; 

Therefore the area of a triangle will he represented by half the 
angle w1iii:h has the same base and altitude as the triangle : in other 
words, if the length of the base be a units, and the altitude be b uni' 

Then the area of the triangle is algebraically represented by ia6 

The demonstratioQB of the ErBt eight propositions, exemplify the- 
obvious axiom, that, "the whole area of every figure in each case, '' 
egual to all the porta of it taken together." 

■Oef. 2, XbeparaUelDgram £Jir together with, the complements ^ 
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. EialBD B gnomon, as well as the parallclogtam IIG together with the 
le complements, 

_ Prop. I. For the salie of brevity of exprcsHioii, " the rectangle con- 
P t^ed by the straight lines AB, PC," is called "the rectangle JB, SC'," 
Uad Bometimea " the rectangle ABC," 

To this proposition may be added the coiollaiy: If two straight lines 
be divided into any number of parts, the rectangle contained by the two 
etisieht lines, is equal U> the rectsnglcs contained by the several parte of 
one line and the several parts ot the other leiipectively. 

The method of reasoning on the properties of rectangles, by n 

ttie products which indicate the number of square units contained in their 
WesSjis foreign to Euclid's ideas of rectangles, as discussed in hia Second 
Book, which have no reference to any paniculor unit of length or measure 

Prop. I. The figures BH, BK, DL, EH are rectangles, as may 
.readily he shewn. For, by the parallels, the angle CEL is equal to BUK t 
and the angle EDS is equal to BDC (Euc. i. 29.). But BDG is s right 
angle. Hence one of the angles in each of the figures BH, BK, DL. EH 
is a right angle, and therefore (Euc. i. 46, Cor.) these figures a. 
ixectangular. 

Prop. I. Algebraically, (fig. Prop. I.) 
Let the linn hC contain a linear nnits, and the tine A, h linear units of 
.the same length. 

Also suppose the porta BD, BE, EC to contain m, n,p linear units 
■respectively. 

Then a = m + n +p, 
i||Ui](jply these equals by b, 

therefore ab — bm + bii + bp. 
That is, the product of two numbers, one of which is divided into any 
number of parts, is equal to the sum of the products of the undivided 
^number, and the several porta of the other ; 

or, if the Geometrical interpretation of the products be restored. 
The number of square units expresaed by the product ab, is equal 
to the number of squoie units expresaedby the sum of the products Am, 

Prop. n. Algebraically, (fig. Prop. 

Let AB contain a linear unita, and . 
respectively. 

Then m + n 
multiply these equals by a, 

therefore am + . 

That is, if a number be divided into any two purls, the sum of the 
products of the whole and each of the piyts is equal to the square of the 
whole number 

Prop. III. Algebraically, (fig. Prop, ill.) 

Let AB contain a linear units, and let BC c( 

Then a ^ m + n, 
multiply these equals by m, 

That ia, if a number be divided into any two parts, the produc 
*Ihe whole number ftuii one of the paitB,\a t^^^lBi.^n•^!a.fc w!{iiMte.>*.'«c»s- I 
part, antJ rte product of the two parts. 
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a preceding proPOr 
ibitliig, in tne da» 



Itthatwo parts of the line be equal. Chen the equaro on the whote 
ne ia pqual la tour timeB the square on lialf tlie line. 
Also, if a line be divided into any three parts, the square on the whole 
line ia equal to the squares on the three parts, and twice the rectangle* 
oontained by every two parts. 

Prop. IT. Algel>raioaily (lig. Prop, t ., 
Let ihe line /in contain a linear units, and the parts of it .rfCandflC^ 
n and n linear units respectively. 

Thou = m + «, 
Bquoring those cqiuila, ,-. a' = (m + n)', 
or a' = m' + 2»iB + n'. 
That ii, ira number be divided into 
number is equal to Ihe sguarea of the U 
product of the two pans, 

From Sue. ii. i, may be de'lucpd a proof of Euc. r. 47- In Che fi^ 
nke DL on DS, and HM aa KB. each equal to BC, and join CH, HL, 
LM, MC. Then the figure HLMC ia a square, and the four triangle^ 
CAH, HDL, LKM. MBCare equal to one another, and together arc equal 
to the two reclHiigles A (1, GE. 

Now AG, GE, FH, CK are together equal to the whole figure ADEB j 
and HLMC, with the four triangles CAH, HDL, LF,B, tJBC also make 
op the whole figure ADEB; 

llenoo^tJ, GE, FH, fff are equal lo HL.WC together with the fira* 

hut AG, GE are equal to the four trianglea. 
wherefore FH, CK are equal to. HLMC, 
lat is, the aquares on AC, AH are together equal to the square o 
Prop. T. It must be kept in mind, that the sum of two straight lines 
In Qeometry, means the straight lino formed by joining the two lint's, 
together, so that both may be in the same straight line. 

The following simple propertiea reBpeotiiiR the equal and uneqnd 
division of a line are worthy of being remembered. 

Since AB = 2BC = 2 {UD + DC) = 2BD + 2DC. (fig. Prop, t.) 
and AB = 4D+ DB\ 
:. 2CD + SDB = -iO + DB, 
and by subtracting 1DB liom these equals, 

.-. 2CD = AD~ DB, 

and CD = l{AD-DB). 

That is, if Blbe^Bbe divided into two equal parts in C, and into tv 

unequal pari B in D, the part CD of the lino between the points of seolii 

"l equal to half ihe differeni;e of the unequal parts A O and OB. 

II. Here An = AC + CD, the sum of the unequal parts, (fig, Prop, t 

BD/I DS = AC — CD thuT ^ffeieace. 
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Henc* hj adding theae equals togciher, 

/. JD+ DB = 2AC. 
the Rum Find difference of two lines AC, CD, are together equal to 
ice the croater line. 
And tha hiilvea of these equals are eqnnl, , 

.-. i.AO + J.ZI.B = AC, 
, half the sum of two unequal linea AC, CD added to half their diffe- 
ice U equal to the greater line AC. 

m. Again, ainco AD = AC + CD, and DB = AC — CD, 
irf Bubtracting these equals, 

,-. AD -DB = iCD, 
r, the diSerence between the sum and diffeieiics of two unequal lines is 
qual to twice the less line. 
And the halves of these equals are equal, 

.-, i.An-~i.DB^CD, 
I, half the difference of two lines sulitructed from half their Bum if equal 
the less of the two lines. 
IV, Sinoa AC - CD = DB the difference, 

.-. AC=CD+ DB, 
lid adding CD the lesa to each of these equals, 

,-, AC + CD = 2CD + DB, 
Ti the sum of two unequal lioea ia equal to twice the less line together 
ritlk the diffErence between tlie lines. 
Prop, T. Algebraically. 

Let AB cantain 2a linear units, 
its half BC will contain a linear units, 
let CD the line between the poinla of section contain m linear units. 
«ii.^Otha greater of the two unequal parts, containga + m linear units; 

and DS the leas contains a — «i units. 
AIm m is half the difference of a -^- m and o — nt | 

to each of these equals add m' ; 

.-. (. + »)(•-..) + ■.■..•. 

That li, if a number be divided in to two equal parts, and also into two 
unequal ■parls, the product of the unequal parta together with the square 
if half their diffiTence, is equal to the square of half the number. 

Bearing in mind that AC, CD are respectively half the sum and half 
he difference of the two lines AD, DB; the corollary to this prnpoaition 
nay be expressed in the following form : " The rectangle contained b^ 
wo straight lines is equal to the difference on the squares of half their 
lUm and half their difference," 

The rectangle contained by ^ D and DB, and the square on BC are 
lach bounded by the same extent of line, hut the spaces enclosed differ 
tj the square on CD. 

A given straight line is said (o is prorfueerf when it has ils length increased 
n eidier direction, and the increase it receives, is called the part prurtueei. 

If a point be taken in a line or in a Vine -^roiMiiei, feaX^ivtSaw^'^*" 
■ divided ialemaUg or extamaU<j, and the fljaVanE** (A ■Caa-^'ioATS'W 
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the ends of the line are caUed the intGmal or eitenial Begments of the 
line, according as the point of section is in the line oc the line produced. 
Prop. Ti. Algebraically. 

Let AB contain 2a linear units, then its half BC contains a unite ; tad 
let AC contain m unite. 

llien AD containa 2a + m units, 

and .-. (So + ui) n. = 2am + m'; 

to each of these equals add o*, 

.■. (2a + Bi) m + a' = o' + 2om + m". 

But a" + 2am +n'={a + m)". 

.-. (2a + «.)w + o' = (a + T«)=. 

That ie, If a number be diyided into two equal numbers, and another 

nnmber be added to the whole and to one of thepojts; theproduoto( 

the whole number thus increased and the othernumber, together withth» 

Bquare of half the given number, is equal to the square of the numhn 

which is mode op of half the giTen nurober increased. 

The olgebri!JC4d results of Prop, y, and Prop. vi. are identical, B 
obvious that the difference of o + m and o — m in Prop. v. is equal 
difference of 2a + m and m in Prop, ti, and one algebraical result ex- 
presses the truth of both propasitians. 

This artaeH from tbe two ways in which the difference between two 
unequal linea may be represented geameCrically, when they are ' -' - 

In the diagram Ifig, to Prop, v,), the difference DBof the two unequal 
lines AC and CD is exhibited by producing the less line CD, and making' 
CB equal to AC the greater. 

Then the part produced DB is the difference between AC and CD, 

foe AC 13 equal to CB, and taking CD from each, 

thedifferenceof ^Candcaisequal tolhe difference of CB and CD. 

lu the diagram (fig. to Prop, vi,), the ditfereuce DB of the two ui 

equal lines CD and CA is exhibited by cutting off &oni CD the gieateT) 

a part CB equal to CA the less. 

Prop. Til. Either of the two parts AC, CB of the line AB may b« 

taken : and it is equally true, that tlie squares on AB and A C are equal 

to twice the rectangle AB, AC, together with the square on BC. 

Prop. Tii. Algebraically. 

Let AB contain a linear units, and let the parts AC and C5 contain m 

and n lineal units respectively. 

Then a = m + n; 
squaring these equals, 

add n' to each of these equals, 

.'. a' + n" = m* + 2n.n + 2n'. 

But 2niii + 2n' = 2 (m + n) n = 2aH, 

.: a* + «• = m' + 2a», 

That is, If a number be divided into any two parts, the square! of thA; 

whole number and of one of the parts steequul to twice the product of the 

" -io/e number and that part, together with the square of tbe other part. 

Prop, vsii, Aa in Prop. vll. either part ot the line may be t^en, 

I it IB alao (rue in this Proposmon, Uiat tour times live iBii\Hp.^e ctm- 
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iMnedby yJB, ^Ctogether with the square on B^, is equal to Its square 
n the stmight line niade up of AB and AC togeCbei 

The truth of this proposition may ha dediiCEd from Euc. It. i and 7. 
For the Hquare on A I) {lig. Prop. 8.) it equal to the fiqusres on JB, 
SD, Bnii twice the rectangle AB. BD ; (Euc. n. i.) or the squares on 
AB, BC, and twice the rectangle AB, DC, because BC ia equal to BD : 
ind the squares on AB, BC are equal to twice the rectangle AB, BC with 
"he square oa AC: (Euc. Ii. T.) therefore the squaie an ADia equal to 
auT times the rectangle >t£, fi(7 together with the aqunre on AC. 
Prop. Till. Aluebraically. 

Let the whole line AB contain a linear units of which the parts AC, 
JB ContMo m, n units respectively. 

Then m + n = a, 
and subtracting or taking n from each, 

squaring these equals, 

and adding 4an to each of these equals, 

.-. 4nii + m' ■= a' + 2aH + n'. 

But a' + 2n™ + B* = (o + n)', 

,. ian + m' = (a + »)*■ 

That ia, If a number be divided into any two parts, four times thepro- 

hict of the whole number and one of the parts, together with the square 

if the other part, is equal la the square of the number made of the whole 

md the part firat taken. 

Prop. viit. may be put under the following form ; The square on the 
um of two lines exceeds the square on their diSerence, byibui times the 
ectangle contained by the lines. 

Prop. ra. The demonstration of this proposition may be dednood 
nun Euc. II. i and T. 

For (Euc. tl. i.) the square on AD is equal to the squares on AC, CD 
nd twice the rectangle AC, CD; (fig. Prop. 9.) and adding the square 
a DB to each, therefore the squares on ^ 77, jDS are equal to the squares 
a AC, CD and twice the rectangle AC, CD together with the square on 
)B ; or to the squares on BC, CD and twice the rectangle BC, CD with 
ae square on DB, because BC is equal to AC. 
But the squares on BC, CD are equal to twice the rectangle BC, CD, 
Hith the square on DB. (Euc. ii. 7.) 

"Wherefore the squares on AD, DB are equal to twice the squaies on 
"- md CD. 

Prop. nt. Algebraically. 

Let ^S contain 2o linear units, its half ^CorflC will containnunits; 

t CO the line between the pointa of section contain tn units. 

Also AD the greater of the two unequal parts contains a -(- m units. 

and DB the less contains a ^ m units. 

Then (a + «)' = a' + 2am + m', 

and (a — m)' = o' — iam + m'. 

Hence by adding these equals, 

.-, (a + 0^ ^ {a-vi^ ^.tj^ \'i^. 
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That is, If B number be divided into two equul parts, end also u 
unequal parts, the sum of the aquures of the two unequal pact* is equal 
to twice the aquare of half the number itself, and twloe the sqaaie of 
half the difference of the unequal parts. 

The proof of Prop. k. may be detluoed from Euc. ir. 4, 7, oa Prop, t 
Prop. I, Algcbraicully. 

Let die line AB contain 2a linear units, of wUoh its half AC or C 
wiU contain a units ; 

and let BD contEin m units. 

Then the whole line and the part produced will contain 2a + m units 

and half the line and the part produced will contain a + m units, 

add m* to each of theie equals. 

,•, {2o + m)' + m" = 4o> + iam + Sm', 

Again, (a + ni)* = a' + 2am + m', 

add a' to each, of these equals, 

and douhliiig these equals, 
/. E (a + Bi)' + 2o* = 4o' + 4nm + 2m\ 
But (2a + m)' + m* = in.' + 4am + 2m'. 
Hence .". (2a + ni}' + m* = 2o' + 2 {o + m)'. 
That is, If a number be divided into two equal parts, and the yAnV 
number and one of the ports be increased by tbe addition of another num- 
ber, the Btiuam of the whole number thus inureased, and of the number 
by which it is increased, are equal to double the squares of half the a 
bar. and of half the number increasad. 

The alj^ebraicnl results of Prop, tx, and Prop, x, are identical, fths 
enunciations of the two Props, arising, us in Prop, v, and Prop, -n, from 
the two ways of txhibitina the difFi:rence between two lines) ; and both 
inaT be included under mo following proposition: The square on ths 
Buiii of two lines and the square on their difference, are together equal tc 
double the sum of the squares on the two lines. 

Prop. xr. Two series of lines, one series decreasing and the other 
series increasing in mn^tude. and each line divided in the some man- 
ner may be found by means of this proposition. 

(1) To find the decreasing series. 

In the fig. Euc. li. 31, AB =i Alt + BH, 

anA. tince AB . BH = AB', .\ (_AB + BS).BR = JH', 

.-, Bir = ArV- JH.BH = AH.(AH- BH). 

If now in U.4. HL b e taken equal to BB, 

thenHt' = AI1{AH^ ML), or AH . Ah = Bl,' : 

that is, AW is divided in Z,, so that the rectangle contained by the whole 

line AJf and one part, is equal to the sqaare on the other part /f/.. By a 

similar process. HL may bu so divided; ftud so on, by always taking from 

the greater part of the divided line, a pact equal to the less, 

(2) To find the increasing series, 

From the Bg, it is obyiou^ that CF.FA = CA', 

SenBe CFix divided til A. in the same manner as AB is divided ii , 

padding J falino equal to the greater aepuent, to llie ^■^ea^jio CA 
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uid by Euecc^sively adding t 
:ment, a smiis of lines mcreai 
lividedlo,ifl. 
It may also beshewn that the sqiiares on the whole line and on the leas 
' "ire equal lo three timea the equare on the gieatec aBgmant. 

To solve Prop, n, algebraically, or to find the point H in AB aach 
bat the rectangle contained by the whole line ^B and the part HB shall 
W equal to the square on the other part ^H, 
' Let jIB eonUun a linear units, and JH one of the unknomi parts oon- 

fhen the other part HB contains a — z nnits. 
And .■. a{a —x) = »', by the problem, 
OT x' + ax ^ a', a quadratic equation. 




and a-x = a- AE = — . AB =BB, the other part. 



It may he obBerved, that the parta ilH md HB cannot be numericallir 

J jjy i^jiy rauonal number. Appro si mation to their true Taluea 

I LKium of jtR, may be made to any required degree of aacuracy, by ex.- 
snding the extraction of the square rojt ofS to any number of decimals. 

To ascertain the meaning o( the cither result a ■■ — — . a. 

In the equation a (a — a;) = a", 
for X write — x, then a (a + i) = x', 
phich when translated into worda gives the following problem. 

To find the length ta which a given line must heproduced so that the 
Botangle contained by the given line and the line made up of the given line 
nd the part produced, may be equal to the square on the pact produced . 
Or, the problem may also bo expressed as follows : 
To find two lines having a given difference, auth that the rectangle con- 
led by the difference uid one of them may be equal to the sqixare on 

[t ma^ here bo remarked, that Prop. XI. Baak ii, affords & simple 
Beometncal construction for a quadratic equation. 
Prop, xn. Algebraically. 
Assuming the truth of Euc. i. 47. 

Let BC, CA, JBoontaino, 6, « linear units ceapeetiTely, 

and let CO, 13 A, contain m, n units, 

then Bli contains a + m units. 

And therefore, a' = (o j- m)' + n', &OTn the right-angled triangle ABD, 

also 6' = w' -(- n' from ACD ; 

= a' + lam -V m* — rf 



i 
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that is, c' is greater than b' + a' by 2am. 
Prop. xtn. Caae ii. may be proved more simply as follows. 

Since BD is divided into two parts in the point D, 
therefore the Bquaieson CB, dDoreequal to twloe the rectangle ooa- 
tained by CB, BD and the square on CD ; (u. 70 

add the square oa AD to each of these equals ; 
therefore the squares on CB, BD, DA are equal to twice the rectangle 

CB, BD, and the squares oo CD and DA, 
but the squares on BD, DA are equal to the square on AB, (l. 17.) 

aud the squares on CD, DA are equal to the square on AC, 
therefore the squarea on CB, BA are equal to the square on A C, and 

twice the rectangle CB, BO. That is, &c. 
Prop. XIII. Algebraically. 

Let Be, CA, AB contain respectively a. b, c linear units, and let BD 
■nd AD also contain m and n units. 

Case I, Then DC contains a-m units. 

Therefore o" a n' + m' &ora the right-angled triangle ABD, 
and i" = h' + (o - m)" from ADC ; 
.■.^-b'=m'-{a-m)* 



or i' + 2am = a' + o", 

that is, ft'isless than a' + c'by 2am. 
Case II. DC = ia- a units, 

.-. d* = w' + n' &om the righl-B,ngIed triangle ABD, 
and i' = (m - a)' + n= from JCD, 

,*, o» + o" = *■ + 2am, 

or b' + 1am = i^ + e", 
that is, 6* is leas than a' + c* by 2am, 
Case HI. Here wi is equal to a. 

And i' + a" = b", from the right-angled triangle ABC. 

Add to each of these equals a*, 

.-. i' + 2o' = c* + fl', 

that is, J* is leas than c* + o' by 2a', or Zaa. 

These two propoaitions. Euc. ii. 12, 13, with Euc. i. *7, exhibit G 

relations which subsist between the aides of nn obtuse-angled, aa aaut 

angled, sod right-angled triangle reapectlTely, 



The ancient Oeonietrj of the Greeks admitted no lymbola besides the 
lagrams and ordinary language. In later times, after eynibols of opera- 
*>n had been devised bywriters on Algebra, they were Tery Boon adopted 
id employed on aoooiuit of their brevity and convenience, in wrilings 
irely geometrical. Dr. Barrow was one of the first who introduced 
gebiaioal symbols into the language of Elementary Geometry, and dis- 
lolly states in the preface to his Euclid, that his object ia " to content 
iS desires of those who are delighted more with symbolical than verbal 
jmonstratioDS." As algebraical symbols are employed in almost all 
arks on the mathematics, whether geometrical or not, it seems proper 
this place to give some brief accoimt of the marks which may be tB' 



BtillBd,"TheWhet3toneofWitte," 1557. HercmarltB; •' Andtoavoide 
e tediouse repetition of these wonides : ii nqualle to : I will sette as I 
•e often in woorkc use, a paiie of paraUelea, or Oemowe lines of one 
. „the, thus: =, blcause noe 2 thyngcs can be more equalle." It was 
Uployed b J him as simply sSlrminE the equality of two nnmerical oi 
Igebraical expreasions. Geometrical equality ia not exactly the same 
I numerical eqaalicy, and when this symbol ia used in geometrical reaaon- 
Ikga, it must be understood as having reference to pure geometrical 
ftuaHty. 

The aigns of relative magnitude, > me&raag, is Renter l/um, and. <, it 
uilhan, were first introdaced into algebra by Thomas Harriot, in his 
"ArtiB Analyticie Praxis," which was published after his death in 1G3I. 
The signs + and — were firstemployed by Michael Stifel, in his "Arith- 
netica Integra," which was published in 1544. The sign + was employed 
)y him for the word pias, and the sign — , for the word ntiniut. Thcso 
uns were used by Stifel strictly as the arithmetical or algebraical signs 
jraddition and subtraction. 

The sign of multiplication x was first introduced by Oughtrcd in his 

'Clavia Mathematica," which was published in 1631. In algebraioal 

lultiplicttCiou he either connects the letters which form the faotora of a 

" "^ "itby the sign x , or writes them as words without any sign or mark 

^ween them, aa had been done betore by Harriot, who first introduced 

1 small letters to designate known and unknown quantities. However 

icise and convenient the notation AB s BC or AB.BC may be in 

lafot "the rectangle contained by l/ielinei rfB nndflC"; the student 

I cautioned against the use of it, in the early part of his geometrical 

^"■'ea, as its use is likely to occaaion a misapprehension of Euclid's 

ing, by confounding the idea of Geometrical equality with that of 

trithmetioal equality. Later writers on Geometry who employed the 

^^^ a language, explained the notation AB x BC, bj " AB dvclum m 

tC" ; that is, if the line ^fi be carried along the line BCia a normal 

Usition to it, until it come to the end C, it will then form with BC, the 

ectangle coQtained by AB and BC. Br. Barrow sometimes expresses 

'Iha netangia contained bi/ AB and BC by "the rectangle ABC." 

Michael Stifel was the first who introduced inte^al exponents to 
«note the powers of algebraical aymbnla of quantity, for which he em- 
ployed capital letters, Viela afterwards used uie va'N^\£Vi&eTi<^\e.\:D.'sva^ 
ind the consonants, unknown quantities, tuXMBe4-flati*ViiK«\!S«Ma'*™' 
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powon, Simnn St^vin, in hU treatise on Algebra, which wiu published 
In 1605, improved the notation of Stifel, by plnoing the figures that in- 
dicatcd Che powers wilhin Bmall circles. Poler Ramus adopted the 



initial letUTS I, ;, a, ig of lattu, miadraiui, cuiui, biquadrntui, as 
(ion of the Qrst four powera. Harriot exhibited the different ] 

algebraical symbols by repeating the symbol, two, three, four. I. ,. 

according to the order of the power. Bescartes restored tha numerical' 



exponents of powers, placing them nt the rii^lit of the numbers, or symbols, 
of quantity, as at the present time. Dr. Barrow employed the notation' 
ABq, lor " IJn iguare on tha line A3" in his edition of Euolid. The' 
notations Aff, AS^, for "the iqimra and cube on tite line lohaia ixiremiliei. 
an A aud B." as well oa J3 x BC, for " the reUanglt contained by AB_ 
and BC," ore used as abbreviations in almost all works on the Mathe-. 
matics, though not wholly coasuteat with the algebraical notatlona q") 

The symbol ■/, being originally the initial letter of the wordrai/iz.wo* 
first used by Stifel to denote the square toot of tha number, or of tha, 
symbol, before which it is placed. 

The Hindus, in their treatises on Algebra, indicated the ratio of tyqj 
uumbETB, ot of two algebraical symbols, by placing one above the other^, 
without any line of separation. The line was Bist introduced by the Ara> 
blans, from whom it passed to the Italians, and from them to tiie rest ot 
Europe. This notation has been employed for the expressiou of geome- 
trical ratios by almost all writers on the Mathematics, on account of iti; 
great Convenience. Ouglilred first used points to indicate nronorlioli f 
thus, a:&iic:f^meana thatabeaisthesBmeproportionto 



QUESTIONS ON BOOK n. 

1 . la reotanjiU the same as reclta anguba t Explain the djatinction^ 
and give the corresponding Greek terms. 

2. What is meant by titc sum of two, or more than two strught line* 
in Geometry ? 

3. Is there any difference between the straight lines by which a reel: 
angle is said to be ooMuined, and those by which it ia bdimilfdt 

J. Define a gnomon. How many i/nomons appear from the same eon' 
Btiuction in the some rectangle i Find the difference between them. 

4. What axiom is assumed in proving the first eight proposidons ot 
ihe Second Book of Euclid i 

6. Of equal aquaiea and equal rectangles, which must neeeuariVy coin^ 

T. How may a rectansla be dissected bo as to form an equivalenj 
rectangle of any proposed length > 

8. When the adjacent sides of a rectangle are commensurable, the are! 
of the rectangle ia properly represented by the product of the nuinber^ oT 
units in two adjacent sides of the rectangle. lllusU'ate thl^ by consideringi 
the case when the two adjacent siiles contain 3 and 4 units respeclivolyj 
and distinguish between the units of the factors and the units of the productj 
Shew generally that a rectangle whose adjacent aides arerepresentedby tb« 
integers a and 6, is represented by oi. Also shew, that intheaame""""- 

Jeis rectaaffie is represented by — , if the sidea be tapresentedb; 



Kted' 
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9. Why may not Algebraical or Arithmetical firoofs be substituted (as 
being shorter) fur the demonstratione of tlte PcopositiouB in the Second 
Book, of Euclid > 

10. In what sense is the area of a triangle said to be enual to half the 
JToduet of its baae and its altitude i What two propoailions of Euolid 
nay be adduced to piore it ? 

11. How do yon shew that the area of aihombus is equal t« half the 
*ectangle contained by the diagonals ? 

12. How may a rule be deduced for findine a numerical Expression 
br &s area of auy parallelogram . when two adjacent sides arc given i 

13. The area of a tiapezium which has two uf its sides parallel ia equal 
. o that of a rectangle contained by its altitude and half the sum of its 
^■TKllel sides. What piopositions of theFirstand Second Books of Euclid 
— « employed to prove this? Of what service is the above in the men- 
nation of lields with irregular borders i 

14. From what propositiona of Euclid may be deduced the following 
nile for findina the area of any quadrilateral figure ; — " Multiply the sum 
•Tthe perpenmculors drawn from opposite angles of the figure upoa the 
diagonal joining the other two angles, anil take half the product. 
' IS. In Euclid, n. 3, where must he the point of division of the line, so 

Lt the rectangle contained by the two parts may be a maximum i E\- 
Knplify in the case where the line ia 1 2 inches long. 

IB, How may the demonstration of Euclid u. 4, be legitimately short- 
ed ? Give the Algebraical proof, and state on wh&t suppositions it can 
regarded as a proof. 

17. Shew that the proof of Euc. li. i, can be deduced from the two 
rriova propositions without any geometrical construction. 

15. Shew that if the two complements be together equal to the two 
VQ^nareB, the given line ia bisected. 

IB. If the line AB, as in Euc. ii. 4, be divided into any three parts, 
eaiuiciate and prove the analogous proposition. 

20. Prove ceometricolly that if a straight line be trisected, the square 
the whole Ime equals nine times the square on a third part of it. 

21. Deduce from Euc. ii. 4, a proof of Euc. I. 47. 

22. If a straight line bedividedinto two parts, when is the rectangle 
ulained by the parts, the greatest posiiblat and when is the sum of the 
Lisres of the parts, the leatt possible T 

23. Shew that if a line be divided into two equal parts and into two 
Unequal psila ; the part of the line between the points of section is equal 
lo half the difference of the unequal parts. 

24. If half the sum of two unequal lines be increased by half their 
"lence, the sum will be equal to the p-eater Une: and if the sum of 

lines be diminished by half their diiference, the remainder will be 
tl to the less line. 

25. Explain what is meant by the internal and external legmeiili of a 
i and show that the sum of the estemal segments of a line or the 

ice of the internal segments is double the distance between the 
}f section and bisection of the line. 

26. Shew how Euc. ii. 6, may be deduced immediately from the 
iceding Proposition. 

27. ftove Geometrically that the equates on the sum and difference 
two lines are equal to twice the squares on the lines themselves. 
"" A given rectangle is divided by two straight ljii»a\c'its^<simw*^ 

Given the areas of the two wlddi ha.ie ■niA conansiD, i^j» ■. *aA. 
la o[ the other two. 
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29. In how many ways mar the differenoe of iwo lined be eihibited? 
Znunciale the propositions in Book ii. which depend on that ci: 

30. How may a aeiica of lines be found siiminrly divided 
ASiaEae. ii. 11? 

31. Divide Algebraically a fiTsn line (n) into two parti", Bunh that 
the TBEtangle contained by the whole and one part may be equa' ' ' 
square of the other part. Deduce Euclid's construction from 
lution, and explain the other. 

32. Given the leaser segment of a line, divided as in Eu 
find the greater. 

33. EnuneiaCe the ArithmeticaJ tbeocems expressed by the following, 
Algebraical formulle, 

(a + J)'=o'+2a4 + M:o'-6*=Ca + i)(o-i):(a-i)" = o'-2«4 + ^, 
and state the corresponding Qcometrical propositions. 

31. Shew that the first of the Algebraical propasitiona, 

(a + j:) (fl - r) + I* = «' ; {» + i)' + (a ~ x)' = 2a' + Be". 
is eqnivalent to the two propositions v. and n., and the second of them, 
to the two propoaitiona !i. and x. of the Second Book of Euclid. 

33. Prove Euc. ii. 12, when the perpendiciilHr BE is drawn from. 
B on AC produced to E, and shew that the rectangle BC, CD is equal 
to the rectangle AC, CE. 

30. Include the first two cases of Euc. n. 13, in one proof. 

37. In the second case of Euc. i[. 13, draw a perpendicular CE from 
the obtuse angle C upon the side A B, and prove that the square on AS 
ifl equal to the rectangle AB, AE together with the rectangle BC, BD. 

3S. Enunciate Euc. ii. 13, and give an Algebraical or Atkhmeticd 
proof of it. 

39. The sides of a triangle are as 3, 4, fi. Determine whether the 
angles between 3, 4 i 4, S : and 3, S i reapectively are greater than, equal 
to, or less than, a right angle. 

40. Two sides of a triangle are * and 6 inches in length, if the 
third side be 6A inches, the triangle is acute-angled, but if it he 6^ 
inches, the triangle is obtuse- angled. 

41. A triangle has its sides 7, 9, 9 units respeolively ; a snip of 
breadth 2 units being taken off all round from the triangle, find the 
area of the remainder. 

42. If the original figure, Eue. ii. 14, were a right-angled triangle, 
whose iidai were represented by B ond 9, what number would represent 
the side of a square of the same area! Shew that the perimeter of tha 
square is less than the perimeter of the triangle. 

43. If the sides of a rectangle are 8 feet and 2 feet, what is the side 
of the equivalent square f 

44. "AH plane rectilineal figures admit of quadrature," Point out 
the succesaion of steps by whidi Euclid establishes the truth of this 
proposition. 

43. Explain the construction (-without proof) for making a sqaars 
equal to a plane polygon. 

40. Shew from Euc. n. 14, that any algehraical aurd as V<> can be 
represented by a line, if the unit be a line. 

47. Could any of the propoaitiont of the Second Book be made eo- 
to other propositions, with advantage J Point out any surhpro- 
, and give your reasons for the alterations you would make. 
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PROPOSITION I. PROBLEM. 
Divide a 

netangia cat 

Let AS he the given straight line, and let M he the aide of the 
pten Bquare. 

It ia required to divide the line AB into two parta, so that the 
lectangle contained by them may be equal to the square on Jit. 



Bisect A3 in C, with center C, and radius CA or CB, describe the 
[Circle ADB. 

At the jioirt B draw BE at rieTit angles to AB and equal to M. 
Through E, draw ED parallel to AB and cutting the semicircle 

and draw i)J" parallel to EB meeting AB in F. 
Then AB is divided in F, so that the rectangle AF, FB is equal 
to tlie square on M. (It. 14.) 

The square will be the greatest, when ED touches the semicircle, 
or when M is equal to holi' of the given line AB. 



PROPOSITION n. THEOREM. 

nothtr U Uti (Aan tAe 

Let AB, SChe the two straight lines, whose difference ia AC. 
Then the square on ^ C la less than the squares on AB and BC by 
ice the rectangle contained hy A B and BC. 



m 



Conatructing aa in Prop. 4. Book n. 
Because the complement AGh equal to GB, 
add to each CK, 
iwffore the whole AK ia eciviai Wj ftve ■^ViA'i CP-n 
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ond AK, CB toRetlier are double of AK\ 

\\x\AK. C^are thecnomon^^Fanii GK, 

and AK ia the recEangle contained by AS, SCf 

therefore the gnomon ^ A'/" and CS, 

are equal to twice the rectangle AB, SC, 

hnl AE^ CKaxe equal to the squares on AB, BOf 

taking the former equals front these equals, 

thprefove the difference of AM and the Rnomon AKI'' is equal It 

the difference between the squarea on ^2, £C, and twice the rectansli 

AS.SC; 

hut the difference AE and the pncrnion ASFii the figure SF, 
which is equal to the square on AC. 
Wherefore thr square on ^ C is equal to the difference between the 
pquares on AS, £C, and twice the rectangle AB, BO. 



PROPOSITION in. THEOREM. 

Jn any trinngle the iqaara on ifit (tm sulei are toffelher dauhle qftht 
ares on half the base and on lh» ilraiffhi line Joining ill biieclioa ailh tha 
v'ule angle. 

Let ^BCbe a triangle, and jID the line drawn from the TBrtes A 
to the bisection D of the base BC. 



From A draw AE perpendicular to BO. 
Then, in the obtuse-angled triangle ABD, (ii. 12.) i 
the square on AB exceeds the squares on AD, DB, by twice t^e 
rectangle SD,Z>.E: 

and in the acute-angled triangle ADC, (ii. 13.) ; 
the square on AC is less than the squares on AD, DC, by twtcs 
the rectangle CD, DE: 
wherefore, since the rectangle BD, DE is equal to the rectangle CD, 
DE; it follows that Uie squares on AB, AC axe double of the 
squares on AD, DB. 



PROPOSITION IV. THEOREM. 

If tiraighl linei be lirawn from each angle of a triongU biaectin, 
^_«uile eiaei. four limes the jwn of the iguarei on I/ibsb tines i> ejt 
three limea the suih oflhe s^itam Dti the aiiiei of the triangle. 

■jiy triangle, and let AD, BE, CF he drawn Scorn. 
. -. — JJ, £, F. the biaecU'ora of the o^poai^a avitsa ot ^.t» 
r/e.- draw ^& perpendicular to BC. 



Thenthesquttreon^BUeaual to the squares on BD,BA together 
th twice the rectangle BD, DO, (ll, 12.) 

and the square on -i C is equal to the Bquares on CD, DA. dimi- 
nished by twice the rectangle CD, DG; (II. 13.) 
therefore the squares on AB, ACaie equal to twice the Bquara on 

SB, and twice the square on AD; for DC h equal to BD : 
md twice the squares on AB, AC are equal tn the square oa BC, 

and four times the square on AD : for BC is twice BD. 
Similarly, twice the squares on AB, BC are equal to the square on 
'AC and four times the square on BE: 

also twice the squares on BC, CA are equal to the square on A3, 
and four times the square on FC : 

hence, by adding these equals, 
four times the squares on AB, AC. BC are equal to four times the 
squares on AD. BE, CPtogether with the squares on^B,^ C,BC: 
and taking the squares on AB. AC. BCfroia these equals, 
therefore tliree times the squares iin AB, AC, £ Care equal to four 
times the squares on AD, BE, CF. 



PROPOSITION V. THEOREM. 

of Ihs perpmrticulara lei full from any point within an eqtiila- 
!, mil be eguaS to the perpendicular lit fill from one of ill 
trnffl" iipnn the appoiili tide, ft this propoiition trae when the point is in 

of the eideM of the trian^ltf In what nammermtal the prqpotition be 

--'-•-' — •--, thepoiiU ii tcilhimt [/« trianfflet 

IiOtABChe an equilateral triangle, and P any point within it; 

andfrom Pletfall PD,PE, PJ'perpendicul arson the sides AB, BC, 

l^respeetivelT, also from^ let fall ^ G perpendicular on the baae.BC. 

Th«j .^ G is equal to the sum of PD, PE, PF. 




From P draw PA, PB, FCto the anplps A, B. C. 
' Then the tri&ngle ABCia equal to die ikrec tnm^es. T? A'B,"P"BC, 
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But since every rectangle is double of a. triangle of the BBme base 
and allilude, (I. 41.) 

thoreibre the rectangle AO, SC,a equal to the three rectonglei 
AB. PD; AC, PFand BC, FE. 

Whence the line AG is equal to the sum of the lines PD. PS, PR 
If the point P fall on one side of the triangle, or coincide with E: 
then the triangle ABC is equal to the two tiiangles APC. SPA : 
whence AO h equal to the sum of the two perpendiculars PS, PF. 
If tlie point P fall without the haae BC of the triangle ; 

then the triangle JBCis equal to the difference between the gum 
of thu two triangles APC. BPA, and the triangle PCB. 

Whence ^O is equal to the difference between the sum of PA 
PF, and PK 

1. 

If the Btraight line AB be divided into two unequal parts iff 
nd into two unequal parts in E, the rectangle contained by ASf 
will be greater or less than the rectangle contained by AlS, SB, 
according aa E is nearer to, or further froni, the middle point of AB, 
than D. * 

7. Produce a ^Ten straight line in auch a manner that the at, 
n the whole line Sius produced, aliall be equal to twice the square i 

the given line. 

8. If -i^ be the line so divided in the points CaniD (fig. Euc 
n. S.) ahew that AB'^i. Cff -i.AS.DB. 

9. Divide a straight line into two parts, such that the sum of I2icir 
squares may be the Itaat possible. 

10. Divide a line into two parts, auch thftt the sum of ihtol 
squares shall he double the square on another line. 

U. Shew that the dilferenee between the squares on the tiro an- J 
equal paFts (fig. Euo. II. 9.) is equal to twice the rectangle contained 
by the whole line, and the part between the points of section. 

12. Shew how in aU the possible Cflses, a straight line mayb* 
genmetricBUy divided into two such parts, that the sum of their aquaret, 
shall be equsl to a given square. 

13. Divide a given straight line into two parts, such that the 
squares on the whole line and on one of the parts shall be equal to twics 
the square on the other part. 

14. Any rectangle is the half of the rectangle contained by th» 
diameters of the snuares on its two sidcit, 

15. If a straight line be divided into two equal and into t\ 
equal parts, the squares on the two unequal parts are equal tc 
the rectangle contained by the two unequal parts, togctlier with faur 
times the square on the hne between the points of section. 

16. If me points C, D be equidistant from the extremities of the 
Straight line A S, shew that the squares constructed on AD and AC, 
exceed twice the rectangle A C, AD by the square constructed on CD, 

17. 1£ any point be taken in the plane of a parallelogram from I 
'■^bicb perpendicu\Bm are let fall on the diagonal, and on the aides 

' b include it, the rectangle of the diagotiSi a.ni'Ciie -jev^Ti&Nlua ' 
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on It, U equal to the sum or difference of the rectangles of the sides 
and the perpendiculars on them. 

18. ABCD ia a rectang;ular pftrallelogram. of which A, Care 
opposite anglea, E any point in BC, Fany point in ClJ. Prove that 
twice the area of the trianfile AEF together with tie rectangle BE, 
DFii equal to the parallelograin AC. 



riangle, lines be drawn to the 
the squares on the distances 
together one-third 



a that the rectangle < 
_ , he produced part, shal 

equal to the square (1) on the giien line (2) on the part produced. 

20. Ifin theagureEuc. II. 11, we join .SJ" and Cff, and producu 
CU to meet SF in L, CL is perpendicular to BF. 

21. If a line he divided, asinEuo. il. II, the squares on tie whole 
line and one of the parts are together three times the square on the 
other part 

22. If in the fig, Eue. II. Il, tlie points F, B be joined cutting 
AHB, GHZ'in/, drespeetiTelyi then shall jy=Di/. 

in. 

23. If from the three angles of 

Kinta of bisection of the opposite i ' ' 
[ween the angles and the commoi 
of the squares on the sides of the triangle. 

24. ABCh a triangle of which the angle at Cis obtuse, and the 
angle at S ia half a right angle : O is the middle point ofAB. and CE 
is drawn perpendicular to AB. Shew that the square on ,^Cis double 
of tfae squares oa AT) and BE. 

15. If an angle of a triangle be two-thirda of two right angles, 
n- that the square on the siae subtending that ancle is equal to the 
L BNBres on the sides containing it, together with the- rectangle con- 
[Sbl»^ hythose sides. 

' 26. The square described on a straight line drswn from one of 
e angles at the base of a triangle to the middle point of Uie opposiM 
le, is equal to the sum or difference of the square on half the side 
tected, and the rectangle contained between the base and that part of 
L or of it produced, which is iniercepted between the same angle and 
Bjierpendicular drawn from the vertex. 

"" ABCis a triangle of which the angle at Cis obtuse, and the 
rt B ia half a right angle : D is the middle point of AB, and 
Bis drawn perpendicular to AB, Shew that the square oa AC is 
, nible of the squares on AB and BE. 
f 28. Produce one side of a scalene triangle, so that the rectangle 
aider it and the produced part may be equal to the difference of the 
1|iiaieB on the other two sides. 

\ 20. Given the base of any triangle, the Meajattiftia'^tNftsaiiuK.'fe 
■t the triangle. 
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IV. 



I, Shew that the square on the hypotenuse of a right-angled 
triangle, is equal lo four times the area of the triangle together with 
the square on the difference of the sides. 

31. In the triangle ASC, if AD he the perpendicular let fell 
upon the side BC; then the square on j1 C together with therectangle 
cor\taiaed hy £ C. S D is equal lo the square on AB together witii 
the rectangle CS, CD. 

32. jiflCisatriangle, right angled at C, and CD is the perpen- 
dicular let fall from CupQa^.B! iSJIKh equal to the gum of the 
aides A C, CB, and ZJlf to the sum of AS, CD. shew that the squaw' 

ME together with the square on CD is equal to the square on JJC 
3-i, ABC is a triangle having the angle at ^ aright angle: it is 
required to find in v^S a point P such that the square on AC maj 
exceed the squares on .^P and PC by half the square on AB. 

34. In a right-anpled triangle, tlve square on that side which is the' 
greater of the two sides containing the right angle, is equal to the 

;langle hy the sum and diffurence of the othef sides. 

35. The hj-polenuse AS of a right-angled triangle ASC is tri- 
sected in the points D, E; proTe that if CD, CS he joined, the Bum 
of the squares on the sides of the triangle CDE is equal to two-thirds 
of the square on AB. 

36. From the hypotenuse of a right-angled triangle portions nie 
off equal to the adjacent sides : shew that the square on the middla 

segment b equivalent to twice the rectangle under the extreme 



37. Prove that the square on any straight line drawn from the 
rtex of an isosceles triangle to the base, is less tian the square on & , 

side of the triungle by the rectangle contained hy the segments of the 

' : and conversely. 

\. If from one of the equal angles of an isosceles triangle a per-> 

Smdicular be drawn to the oppoeite side, the rectangle containedT hf' 
at side and the segment of it intercepted between the perpendicular 
and base, is equal to the half of the squaxe described upon the baee. 

39. If in an isosceles triangle a perpendicular be let fall from fm« . 
of the equal angles to the opposite side, the squsj-e on theperpendiou*. 
lar is equal to the equaie on the line intercepted between the otheT' 
equal angle and the perpendicular, together with twice the rectADgIa 

Qtained by the segments of that side. 

40. The square on the base of an isosceles triangle whose Tertical'' 
gle is a right angle, is equal to four times the area of the triangle. 

41. Describe an isosceles obtuse-angled triangle, such that thft 
square on the side subtending the obtuse angle may he three times the 
square on either of the sides oontaining the obtuse angle. ^ 

42. H AB. one of the sides of an isosceles triangle ABCha pro* 
xiid beyond the base to B. to that BD - AS, shew that 

CD* = AB A 2. BC*. • 
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43. liABC be en Uoaceles triangle, and T>E he drawn parallel 
the base flC, and JB be joined i •pioyexh.a.t BE' ^BC- BE- CE: 

44. JtASCbeaa isoeceies triangle of which the angles at Sand 
Bxe each double of A ; then the square on ji C is equal to the aquare 

BC together with the rectangle contained by jIC and BC. 

VI. 

n the diagonals &re 

16. IS ABCD be any rectangle, A and Cbeing opposite augleB, 
Itld any point either within or without the rectangle : 
OAUOC'= OB'^OD'. 

47. In any quadrilateral figiiT«, the suni of ihc squarpB on the 
SagonalB together with fotU' times the square on the line Joining iheir 
(kiddle points, is equal to the aum of the squares on all the sides. 

48. In any trapezium, if [he opposite Gides he bisected, the sum 
t the squares on the other two sides, together with the squares on the 

^K""^^^' ^ equal to the sum of the squares on the bisected sides, 
Ogeiher with four times the square on the line joining the points of 

49. Tlie squares on the diagonals of a trape/jum are together 
ible the squares on the two lines joining the bisectiong of the 

In any trapezium two of whose sides are persllel, the squares 

the diagonals are together equal to the fsqiiaies on its two .sides which 
I not parallel, and twice the rectangle contained by the sidea which 
■ parallel. 

fil. If the two sides of a trapezium he parallel, shew that its 
fiis equal to that of arectonglacontaiiied by its altitude and half 
I Bmn of the parallel sides. 

a2. If a trapezixun havetwosideaparallel.andlhe other two equal, 
>W that the rectangle contained by the two parallel aides, together 
ii the square on one of the other sides, will be equal to the square 

tiic straight line Joining two opposite angles of the trapezium. 

^" If squares be described on the sides of any triangle and the 
r points of the squares be joined ; the sum of the squares on the 
' the hexagonal figure thus formed is equal to four times the 
n ot the squares on the sides of the triangle. 

vn. 

64. Find the aide of a aquare equal lo a pyen equilateral triangle. 
SS. Find a square which shall be equal to lie sura of two given 
itilineal figures. 

1j6. To divide a giren Btraight line bo that the rectangle under its 
[JDentB may be equal to a^ven rectangle. 

27. Construct a rectangle equal to a given square and having the 
fpnmce of its sides equal to a fiivsn strBight line. 
'S8, Shew how to describe a rectangle eijual to a5i\-eii^K^iM.te.,«s*k 
iving one of its sides equal to a g,i\en &\i&\|^\\ttve. 
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S. This is a particular case of Eua. i. 23. The triEingle howerer n 
be described by moana ufEuc. i. 1. Let AB be the given base, prodi 
AB both waya tomc!«tthpcircle9iiiD.E[fig. Euci. 1.)! with center _ 
uid radius AE, describe a, circle, and witb ceuLer B and radius BD, de- 
pcribe aoother circle cutting the former in O. Joia QA, G8. 

- ■ "y Euc. I. 6, 8. 

s is proTed by Eac. t. 31, 13. S. 
Let fall also a perpendiculsj' from the vertex oa the base. 

iz. Apply Euc. I. 4. 

13, Let CAB be the triangle (Eg. Euc. i. 10.) CD the line bii 
the angle ACD and the base AB. Produce CD, and make DE equal 
CD, and join AE. Then CB maybe proved equal to AE. also AE tOAi. 

II. Let AB be the given line, and C, D the given points. From C 
draw CE perpendicular to AB, and produce it m^ing EF equal to CK 
join FD, and produce it to meet the given line in Q, which will be thC 
point required. 

la. Make the coastruction as the enunciation directs, then bj I 
1. i. BH is proved equal to CK : and by Euc. i. 13, S, OB is ahewii 
to be equal to OC. 

III. This proposition requiiea far its proof the case of equal irianglek 
omitted in Euclid ;—naniGly, when two sides and one angle are given, 
but not the angle included by the given aides, 

17. The angle BCD may bo shewn to be equal to the sum oF' 
angles ABC. ADC. 

18. The angles ADE, AED may be each proved to be equal to ' 
complements of the angles at tlie base of the triangle. 

m. The angles CAB, CBA, being equal, the angles CAD, CBBaq 
eqnal, Euc. i. 1 3. Then, by Euc. i. i. CD ia proved to be equal to C8i 

AndhyEue. i. 6, 32, the angle at the vertex is shewn to h ' ' ^^'^ 

either of the snalefl at the base. ^^ 

20. Let AB, CD be two straight lines interseetiric each other uj 
E, and let P bo the given point, within the ancle AED. Draw EJ 
bisecting the angle AED, and through P drnw PGll prirnllel to EPJ 
and cutting ED, EB in Q, H. Then EO ia equal to EH. And M 
bisecting the angle DEB and dritwing through P a line parallel to lli4 
tine, another solution is obtained. It will be found that the two U 
are at light angles to each other. 

21. Let the two given alrnight lines meet in A, and let P ba 

given point. Let PQR be the liue required, meeting the lines AQ. A& 
m Q and R, ao that PQ ia equal to QR. Through P draw PS par»lld. 
to AR and join KS. Then APSR U a parallelogram and AS, PR tkl 
diagonals. Hence the construction. 

■22. Let the two straight lines AB, AC meet in A. In AB tslu 

T point D, and from AC cut off AE equal to AD, and join DE. On 

_ E. or DE produced, take DF equal to the given line, and through 

F driiw PG parallel to AB meeting AC in G, and through G draw QU 

parAlleL to DE meeting AB in B. Then OH is the line required. 



any poin 
DE. or : 
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The two given pomU maj be both on the iinie side, or one poinl 
(TiBj be on each side of Ihe line. If the point required in the line be Bupposed 
to be found, and linea be dravn joining this point and the given points, 
au isosceleH tricLngle ia formedi iLnd if n perpendicular he arawn □□ the 
base from the point in Che line; the constcuctioo is obrioua. 

S4, The problem is simply this — to find a point in one side of a 
triangle from which the perpendiculars drawn to the other two sitles 
■hall be equEil. If all the positions of these lines be considered, it will 
readily be seen in what case the problem is impossible. 

25. If the tarucfles triangU be obtuse -angled, h; Euc. i. fi, S2, the 
truth will be mode evident. If the triangle be acute-angled, the enun- 
ciation of the proposition requires some modification. 

26. Ccnstmcl the figure and apply EuC i. fl, 32, 15. 

If the isoacelea triangle have its vertical angle leas than two-thirds of 
a right-angle, the line ED produced, meets AB produced towards the 
base, and than 3 . AEF = 4 right angles + APE. It the vertical angle be 
greater thiui two-thirds of a right angle, ED produced meets AB produced 
towards the vertex, then 3 . AEF = 2 right angles + AFE. 

27. Let ABC be on isosceles triangle, and from iiny poitit D in the 
base BC, and the extiemitv B. lot three lines DB, DF, BO be drawn to 
the sides and making equal angles with the base. Produce ED and make 
DH equal to DF end join BH. 

28. In the isosceles triangle ABC, let the line DFE which meeta 
^e side AC in D anil AB produced in E, be bisected by the base 
(a the point E. Then DC may be shewn to he equal to BE, 

29. If two equal straight lines be drawn terminated by two lines 
Irhich meet in a point, ihey will cut off triangles of equal area. Hence 
Bie two triangles have a common vertical angle and their areas and baaea 
Bqual. By Euc. i. 33 it is shewn that the angle contained by the bisecting 
^es ia equal to the eicterior angle at the base. 

k 3D. There is an omission in this question. After the words'' making 
^ual angles with the sides," add, "and be equal to each other re- 
^ctively." (1), (3) Apply Euc. i. 26, 4. (2) The equal lines wbiel. 
tnsecl the sides roay be shewn to make equal angles with the aides. 

31. Al C make the angle BCD equal to the angle ACB, and produce 
AB to meet CD in D. 

32. By bisecting the hypotenuse, and drawing a line from the rertex 
to the point of bisection, it may be shewn that Uiis line forms with the 
thorter aide and half the hypotenuse au isosceles triangle. 

33. LctABC be a triangle, having the right angle at A. and the angle 
Kt C greater than the angle atB, also let AD be perpendicularto the base, 
«nd AE be the line drawn to E the bisection of the base. Then AE may 
be proved equal to BE or EC independently of Euc. in. 31. 

34. Produce EG, FO to meat the perpendiculars CE, BF, produced 
ifnecessory. The demonatrotion is obvious. 

35. If the given triangle have both of the angles at the baae.noutB 
Kigles ; the diGeience of tile angles at the base is at once obvious &am 
£uc. I. 33, If one of the angles at the base be obtuse, does the property 

1. Let 

_. _!. andk ^_.^ 

equal to DC and join AE. Then AE may be proved to be equal tc 

If ACB be an obtuse angle, then AG is equal to the sum of the s^- 
nents of the base, made by the perpendicular from the vertex A. 

Z'J, Let the sides AB, AC of any triangle ABC be produced, the ex- 
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[erioT anf;1es bisected by two Unci which meet in D,nn(l let AD be joined, 
then AD biseets the angle BAC. For draw DE perpaidicuUr on BC. 
ttUoDF, DGperpendicularaonAB, AC produced, iinGCeasarr. ThenDF 
may be prored equal to DQ, and the BquBrea on DF, DA are equal to the 
Bquaros on FO. OA.of which the square un FD is equal to the squuG onDQ; 
hencB AF is equal to AG, and Euc. i. B, the angle BAC is hineoted by AD. 
33. 'I'he line required will be found to be equal lo bail the tUn 
of the two sidea of the triBngle. . 

39. ApplyEuc. I. 1, 9. 

40. The angle to bo trisected ia one-fourth of a right anf>Ie. If m 
equilateral triangle be described on one of the nides of a triangle which 
contains the given angle, nnd a line be drawn to bisect that angle of the_ 
equilateral triangle which is at the given angle, the angle contained' 
between this line and the other side of the triangle will be one-tweUUi 
of a right angle, or equal lo one-third of the given angle. 

It may be remarked, generally, Ihal any angle which iathehalf.fo , 

eighth, &e. part of a right angle, may he trisected by Plane Geometry. 

41. Apply Euc. I. 20, 
13. Let ABC, DBC be two equal triangles on the aame base, of which 

ABCieiBoaccles, lie. EuQ. i. 37. ByproduciiigAB and making AQ equal 
to AB or AC, andjoining GD,theperiraeterof the triangle ABC may ba 
ihewn to be less than the perimeter of the triangle DBC. 

43. Apply Euc. I. 20. 

44. For lite Arat case, see Theo. 33, p. T^ : for the other two <w 
apply Euc. i. 19. 

45. TMb is obvious from Enc, I. 28. 
4a, By Euc. I. 29, S, FC may be bhcwn equal to each of the 1i 

EF. FG. 

47. Join QA and AF, and prove Q-A and AF to be la the at 
lliaight line, 

48. Let the straight line drawn through D parallel to DC hl 
the Bide AS in E, and AC in F. Then in the triangle EBD, EB is 
equal to ED, by Euc. i. 29, e. Also, in the triangle EAD, the angle 
EAD may be shewn equal to the angle EDA, whence EA is eqn^' 
to ED, and therefore AB is bisected in E. In a, similar way it m^ 
be shewn, by bisecting the angle C, thnt AC ia bisected in F, 
the bisection of AC in F may be proved when AB is shewn t 
bisected in E. 

49. The triangle formed will be found to have its eides reepectiTely 
parallel to the aides of the original triangle. 

60, If B line equal to the given line be drawn from the point whert 
the two lines meet, and parallel to the other given line ; a paralielograal 
may be formed, and the construction effected. 

51. Let ABC he the triangle i AD perpendicular to BC, AE drawji 
to the bisection of BC, and AF biBcotin<r the angle BAC, Produce All 
and moke DA' equal to AD : join FA', EA', 

52. If the point in the bale be auppi^sed to be determined, and lineC 
drawn from It parallel to the sides, it will be found to be in the linewhlek 
biaeots the verlicul angle of the triauKle. 

68. Let ABC be the trinngio, at C draw CD perpendicular to CB and 

equal to the sum of the required lines, through D draw DE parallel to C^ 

meedngACin E, and draw EF paialli'l to DC, meeting BC in F. Th» 

BFia equal to DC. Next produce CB,mBkingCG equal to CE, and join 

SO cattiagAB ia H. From H. draw H.K ^wptn&jsviira in ^AC,a-^'^ 
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IL peTpen[lii!ular to BC. Then HK and HL togethei are equal la DC, 
rhe proof depends on Theorem 2T| p. TS. 
si. Let C' be the inleraection of the circleB on the other side of the 
ja»e, and join AC, BC. Then the angleB CBA, CBA being equal, the 
ragles CBP, CBP are also eiiual, Euc. i. 13 : neitby Euo. t. 4, CP, PC 
He prored equal ; lastly prove CC to be equal to CP or PC, 

65. In Iha fig. Euo. i. 1, produce AB both ways to meet the circlM 
bD and E, join CD, CE, then CDE la an !90sl^GIcB triangle, having eaeh 
rf the angles at the haae one-fourth of the angle at thu vertex, At E 
*— wEO perpendi'^Iar to DB and meeting DC produced in O, Then 
" is an equilateral trinngle. 
^^ . . Join CC, and shew that the angles CCF, CC'Q are equal to two 
ttght an^es ; also that the line FC'Q 'u equal to the diameter. 

67. Construct the figure and by Eue. i. 32. If the angle BAG be 
«right angle, then the angle BDC ie half a right angle. 

S8. Let the lines which bisect the three exterior aoEles of the trl- 
JDgle ABC form a new triangle A'B'C, Then each ot the angles at 
%.', B', C' may be shewn to be equal to half of the angles at A and B, 
I and C, C and A respectively. And it will be found that half the 
of every two of three unequal numbers whose sum ia constant, 
lees differences than the three numbers themselves. 
. The first case may be shewn by Euo. i. i : and the aecond hy 
1.32. 6. IS. 

I. At D any point in a line EF, draw DC perpendicular to EF and 
equal to the given perpendicular On the hypotenuse. With centre C and 
«(idius equal to the given ba*e describe a circle cutting EF in B. At C 
draw CA perpendicular to CB and meeting EF in A. Then ABC is the 
'ttiangle required. 

61. Let ABC be the required triangle having the angle ACB a right 
BBRle. In BC produced, ta\e CE equal to AC, and with center B and 
.radius BA describe a circular arc cutting CE in D, and join AD. Then 
.DE ia the difference between the sum of the two sides AC, CB and the 
bypotenuse AB ; also one side AC the perpendicular is given. Hence 

-*- ■-- , On any line EB take EC equal to the given side, ED 

jn difference. At 0, draw CA perpendicular to CB, and 

equal lo EC, join AD, at A in AD make the angle DAB equal to ADB, 
Bnd let AB meet EB in B. Then ABC U the triangle required. 
' 82. (1) Let ABC be the triangle required, hoving ACB the light 
toglo. Prckluce AB to D making AD equfil to AC or CB : then BD is 
ihe sum of the sides. Join DC : then the angle ADC ia one-tourth of n 
Kght angle, and DBC is one-half of a right angle. Hence to construct : 
U B in BD make the angle DBM equal to half a right angle, nnd at D 
tteangieBDCequaltoonc-fourth of a right angle, and let DC meet BM 
to C. At C draw CA at right angles to BO meeting BD in A : and ABC 
It the triangle required. 

(2) Let ABC be the triangle, C the right angle : from AB out off 
AD equol to AC ; then BD is the difference of the hypotenuse and one 
Kde. Join CD ; then the an"leB ACD. ADC are eqaal, and each is half 
■" supplement of DAC, which is liall' a right angle. Heiiee the ooa- 



6S. Take anv Btraight line terminated at A. Make fcA w^jmiS.'.- 
_s difference of the sides, and AG equol lo 'Ctt.s Vi■5^^HWi■^'i- ^^^ 
make the angle CBD equal to haU a Tiaht au^e, asA ''^''^ "^T la 
lad radius AC describe a circle cuttine BX) in. li - ^tftv,-.^^ ■ ™°- 
^**JSpBrpendioti]ar to AC. Then AI>EiB\t«TecsascA.\3vat^^«- 
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Si. Let BC the given base bo bisected in D. At D draw BE at 
right angles to BC and equal to the aum of one (side of the triaaglt 
and the perpendicular from the vertex on the base; join DB, ani? -* " 
in BE make the unglc EBA equal to the angle BED, and let SX 
DE in A. : join AC, and ABC ia the itoscelea triangle. 

Qfi. ThiaeonsCructionnmy beeffectedbymeaiiBof Frob. 1, p. ' . 

GS, The perpend iciilar from the vertex on the base of an equilateral 
triangle bisects the angle at the vertex which is two-thirds of one right 
Migle. 

67. Let ABC be the equilateral triangle of which ft side la required 
to be found, having given BD, CD the lines bisecting the angles nt B, C. 
Since the angles DfiC, DCB are equal, each being one-third of a right 
angle, tha sides BD, DC are equal, and BDC is an isosceles tciangls 
having the angle Dt the vertex the supplement of a third of two ' " ' 
angles. Hence the side BC may be found. , 

68. Let the given angle be taken, (1) aa the included angle between 
the given aides | and (2) as the oppoiita angle to one of the given sides. 
In the latter esse, an ambiguity will arise if the angle be an acute angley 
and opposite to the less of the two given sides. 

66. Let AliO be the required triangle, BC the given base, CD tha 
given difference nf the sides AB, AC ; join BD. then DBC hj Euc. 1. 18, 
CUD be shewn to be half the difference of the an^es at the base, and AB 
is equal to AD. Hence at B in the given base BC, make the angle CBD 
equal to half the difference of the angles at the base. On CB take CE 
equHl toihe difference of the sides, and with center C and radius CE, 
describe a circle cutting BD in D : join CD and produce it to A, making 
DA equal to DB. Then ABC is the triangle required. 

70. On the line whioh is equal to the perimeter of the required tri< 
angle describe a triangle having its angles equal to the given an"'" 
Then bisect the angles at the base ; and from the point where these 
meet, draw lines parallel to the sides and meeting the base. 

71. Let ABC be the required Uiangle, BC the given base, and thi 
aide AB greater than AC, Make AD equal to AC, and draw CD, 
Then the angle BCD may be shewn to ha equal to half the differencGi 
and the angle DCA equal to half the sum of the angles at the I 
Hence ABC, ACB the angles at the base of the triangle are known. 

72. Let the two given lines meet in A, and let B be the given pointi 
If BC, BD be supposed to be drawn making equal angles with AC, 

and if AD and DC be joined, BCD ia the triangle required, and the Sgura 
ACBD may be shewn to be aparallelogram. Whence the canatmctiaiii 

7't. It can be shewn that lines drawn from the angles of a triangle m 
bisect the opposite sides, intersect each other at a point which ia two* 
thirds of their lengths fioTtt the angular paints from which they are drawn. 
Let ABC be the triangle required, AD, BE, CF the given lines from tho 
angles drawn to the bisections of the opposite sides and intersecting in On 
Produce GD, making DH equal to DG, and ioin BH, CH : the agnro 
GBHC is a parallelogram, Hence the constniction. 

74. Let ABC (fig. to Euc, i. 20,) be the required triangle, haTing. 
the base BC equal to the given base, the angle ABC equal to the given 
angle, and the two sides BA, AC together equal to the ^iven line BD. 
Join DC, Chen since AD ia equal to AC, the triangle ACD ia isoecelea, 
and therefore the angle ADC is equal to the angle ACD, Hence ths 
titmatructiorL 

f^- ice ABC be the required triangle t.&g. to"Eut.i,\^1,\ia.'raL4«M 
9.A.CB egual^w tile given angle, mnd.tliebaaB'BC ei^viai.ui'iiui^ctr^ 
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.^.^aiso CD equal to the diffcrpnco of the two aides AB. AC. If BD 
l>e joined, then ABD is an ii^ii^celGB triangle. Hence the synlhesU. 
SoeB this conBti'uction hold good in. all cases ? 

7fl. Let ABC be the required triangle, (fig. Euc. i. IS), of which the 
side BC ia pien nnd the angle BAG. bIbo CD the difference between the 
iides AB, AC. Join BD ; then AB is equal to AD, becnuEP CD is their 
difference, and the triansle ABD is isoGceleg, whence the angle ABD is 
equal to the angle ADB; and since BAD and twice the angle ABD 
ve equal to two fishc angles, it follows that ABDisholf theeupplement 
of the given angle BAC. Hence the conatruction of the triangle, 

77. Let AB be the given base : at A draw the line AD to which 
Ae line bisecting the vertical angle is to be parallel. At B draw BE 
paraUel to AD ; from A draw A£ equal to the given eum of the two 
•ides to meet BE in E. At B make the angle EEC cqu^ to the angle 
BEA, and draw CF poraUpl to AD. Then ACB ia the triangle required. 

78. Take Enj- point in the given line, and apply Euc. i. 23, 31. 

79. On one of the parallel lines take EF equal to the given line, and 
with center E and radius EF describe a circle cutting the other in G. 
loin EO, and through A draw ABC parallel to EO. 

8D. This will appear from Euc. i. 2(1, 1 6, 26. 

81. Let AB, AG, AD, be the three lines. Take any point E In AC, 
mi on EC make EF equal to EA, through F draw FG parallel to AB, 

join G£ and produce it to meet AB in H. Then GB is equal to Gil. 

82. Apply Eua. i. 32, 29. 

S3. From E draw £Q perpendicular on the base of the triangle, 
then £D and EF may each be pru> °d equal to EG, and the figure shewn 
to be equilateral, lliree of the angles ol the figure ore right angles. 

Si. The greatest parallclogratn which con be oonstrucled with given 
idea con be proved to be rectantfular. 

S3. Let AB be one of the diagonals : at A in AB make the angle 
BAC less than the required angle, and at A in AC make the angle CAD 
equal to the required angle. Bisect AB in £ and with center E and 
tadius equal to half the other diagonal describe a circle cutting AC, AD 
in F, G. Join FB, BG : then AFBG is the parallelogram required. 

86. This pmhlem ia the same as the following ; having given the 
bate of a triangle, the vertical angle and the sum of the aides, to conalruct 
the triangle. This triangle is one half ol the required parallelograra. 

87. Draw a line AB equal to the given diagonal, and at thepoint A 
^ Tnalcean angle BAC equal to the given angle. Bisect AB in D, and 

through D iraw a line parallel to the given line and meeting AC in C. 
This will be the position of the other diagonal. Through B draw BE 
parallel to CA, meeting CD produced in Ej join AE, and BC. Then 
\CBE is the parallelogram required. 

88. Construct the figures and by Euc. t. 24. 

89. By Euc. t. 4, the opposite sides may be proved to be equal, 

00. Let ABCD he the given parBllelogTam I construct the other 
parallelDgrani A'B'C'D' by drawing the lines required, also the dia- 
gonal! AC, A'C, and shew that the triangles ABC, ABC are equi- 

Sl. AD' and B'C may be proved to be parallel. 

92. Apply Euc. i. 29, 32. 

93. The points D, D', are the intersections of the diagonals of two 
■ectangles; if the rectangles be completed, and the lines OD, UQ' Vk. 

produced, they will be the other two tliu^Qnoia. -- 

"' Let the line drawn frotn A. laH -wiMvoMl. ftia -^iscii^Nn^wn^ "■ 
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let CC, BB', DD', be Ihe perpeiidiculaie from C, B. D, onthelinedrann 
bom A; from B draw BE parullel to AC, and Ihe truth is muiifeat. 
Next, let the line ftom A be drawn so as to fall withiii the parallelogiam. 

BS. Let tba diagoniJa inteiBEct in E, In the triangles DCB, CDA, 
two angles in each are tPBpectivcly equal and one side DE : whetefbte 
the diagoiinls DB, AC are equal : also since BE, EC are equal, it foUowl 
that EA, BB are equal. Hence DEC, AEB are two isosoeles tnangle* 
having their vertical angles equal, wherefure the angles at Iheii hues 
we eqital roapiwtively, and thcTofore the angle CDQ ia equal to DBA. 

D6, (1) Bjr supposing the point F found in the aide AB of the paml< 
lelogcam ABC D, such chat the angle oontainiKl by AP, PC may be biseoCed 
bf the line PD ; CP may be proved equal to CD ; hence the solution. 

(2) By supposing the point P found in the side AB produced, so that 
FD may bisect the angle contained by ABP and PC ; it may be shewn 
dtat the side AB must be produced, so that BP is equal to BD. 

97. This may be shewn by Euc. i. 3fl. 

98. Let D, E, F be the biseclione of the sides AB. BC. CA of the 
triangle ABC ; draw DE, EF. PD ; the triangle DEF is one-iuurth of the 
triangle ABC. The triangles DBE, PBE are equal, each being one-fouiai 
of the triangle ABC : DP is therefore parallel to BE, and DSEF ia 
parallelogram of which DE U a diagonal. 

99. This mav be proved by applying Euc.i. 38. 

100. Apply Euc. I. 37, 38. 

101. On any side BC of the given triangle ABC, take BD eqaal totha 
given 6<ue; join AD, through C draw CE parallel to AD, meeting B A pro- 
duced if neCBEfiary in E, join ED ; then £D£ ia the triangle requiredi 
By a process somewhat siniilar the triangle may be formed when the al> 
tilude is given. 

102. Apply the prcccdini; probl-cm (101) to make a triangle eqtlalto 
one of the given uianglea and of the same altitude aa (.he other given tii- 
tmgle. Then the sum or difference van be readily found. 

1113. First construct a triangle on the giveu base equal to the | 
triangle ; next form, an isosceles triangle on the same base equal ti 
triangle. 

lOi. Make an isosceles triangle equal to the given triangle, >nd 
then this isosceles triangle into an equal equilateral triangle. 

106. Make a triangle equal to the given parallelogram upon thfl 
given line, and then a triangle equal to this triangle, having an a^gle 
equal to the given angle. 

106. If die figure ABCD be one ot four sides; join the opposite 
angles A, C of the figure, through D draw DE parallel to AC meeting 
I BC produced in E, join AE:— the triangle ABE is equal to the four- 
, aided figure ABCD. 

[ If the figure ABCD E be one of fl-re sides, produce the base both ways, 

I Bnd the fi^remay be tranatormed into a triangle, by two construotiona 

I njnilar to that employed for a figure of four sides. If the figure eonsists 

" ■ seven, or any number of sides, the same processmutt be repeated. 

Draw two lines from the bisection of the base parallel to the 

•0 sides of the triangle. 

108, This may be shewn ei absnrdo, 

109. On the same base AB, and an the same aide of it, let two triangle* 
SC, ABD be constructed, having the aide BD equal to BC, the angle 
"•^a light angie, but theangle ABD not a right angle ; then the triangle 

is greater than ABD, whether the angle ABB ^w Bcuue or obtuae. 
. ZetAJSC be b triangle whose venicai an;^ it KiBxA-aWan 
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bBO m bisected in D i let any line EDO be drawn through D, meel- 
^ AC the greater Bide in G and AB produced in E, and forming RUiangie 
4KO having the eanie verljcal ejigle A. Draw BH parallel to AC, and 
■"- ' ■ [IcB BDH, GDC are equal. Enc. i. 26, 

' it two trianglea be constructed on the same base with equal 

. of which one ia iBoeoeles. Through the vertex of that which 

not iaoeceles draw a line parallel to the base, and inlereecttng the 

perpendicuJar drawn from the vertei of the Isosceles triangle upon the 

eommonbEae. Join this pointofintetaection and theextremides of the base. 

113. (1) DPbisec.ts thQtciangleABC(fig.Prop.H,p.730 On each 
iBide of Che point F in the line BC. take PO, FH, £ach equcd to one-third 
i^BF, Che lines DO, DH shall Insect the triangle. Or, 

Let ABC be any triancle, D the giren point in BC. Trisect BC in E, 
,F. join AD, and draw EO, FH parallel to AD, Join DG, DH ; these 
Unes tiised the triangle. Draw AE, AF and the proof ia manifest. 

(2J Let ABC be any triangle ; trisect the base fiC in D, E, end join 
AD, AE, From D, £, diaw DP, EP parallel to AB, AC and meeting 
In P. Join AP, BP, CP j these three lines trisect the triangle. 

'"' Let P be the given point within the triangle ABC. Trisect the 
tC in D, E, From the vertex A draw AD, AE, AP. Join PD, 
draw AO parallel to PD and join PG. Then BGPA U one-thinl of ths 
bionete. The problem may be solved by trisecting either of the other 
two aides and making a aimilur canstruction, 

113. The base may be divided into nine equal parts, and lines may 
be drawn from the vertex to the points of diviaion. Or, the aides of the 
tniangle may be trisected, and the points of triaeetion joined. 

11*. It ia proved, Enc. i. 34, that each of the diagonals of a parallelo- 

ca biaecta the figure, and it may be ahewn that they also bisect each 

ST. It is hence manifest that any atraighc line, whatever may beita 

poailion, which biaecu a parallelogram, mual pass through the intetseo- 
■■-n of the diagonals. 

lis. See l£e remark Tin the preceding problem 114. 

116, Trisect the side AB in E, F, ^nd draw EO, FH parallel to AD 
"BC, roeetincDCinGandH. If the given point P be in EF, the two 
!• drawn from P thivi^b the biseocions of EO and FH will trisect the 

panillelogram. If P be in FB, a line from P through the bisection of 
FHwiDcut offone-tbicdof the paraUelograro, and the remaining trajie- 
pum is to he bisected by a line from P, one of its angles. If P CMnctde 
with E or F, the solution is obvious, 

117. Construct a right-angled pBrallelogram by Euc. I. H, equal to 
the given quadrilateral figure, and from one of the angles, draw a lina 

meet the opposite aide and equal to the base of the rectangle, and a 
le &om the adjacent angle parallel to this line will complete the rhombus. 
^^ 118. Biaect BC in D, and through the verlei A, draw AE parallel to 
IBC, with center D and radius equal to half the sum of AB, AC, deseribe 
ft circle cutting AE in E. 

119. Produce one aide of the square till it becomes equal to tlie di- 
'(gooal, the line drawn from the extremity ot this produced side and pa- 
rallel to theadjacent side oftheaquare, and meeting the diagonal produced, 
determines the point required. 

120. Letfalluponthe diagonal perpendiculfirs from the opposite angles 
the parallelogram. These perpendiculars are equal, imd. each pair of 
idei. If the point he not on tlie diaionn^. 4tK« ■Cmwi.&i. •ioa "esw 

line parallel to a side of tlxe ^m^^iQ\oEt%'al. 
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21. One case is included in Th^o. 120. The othei ewe. whea dM 
t ia in tlie diagonnl produced, is obyious frnm the eame principle. 

22. The triangieg DCF, ABF may be proyed to be equal to lulf 
of the pMallelogiam by Euc. i. 41. 

■23, Appl^ Euc. 1.41, 38. 

14. If a line be drawn parallel Co AD Ihrougli the point of intcrBce- 
tion of the diagonal, and the line drawn through O parallel to AB ; then 
iy Euc. I. 43, 41, the truth of the theorem is niuufesC. 

126. It ma; be remarked that parallelograms, are divided into paira 
of equal triangles by the diagonals, and therefore by taking the triangle 
ABD equal to the trianele ABC, the property may be easily ahewn. 

~S6. The triangle ABD is one half of the paraUelogram ABCD, 
. I. 34. And the triangle DKC ia one half of the parallelogram 
CUHO, Euc. I. 41, also for the same reason the triangle AX.B ia ona 
half of the parallelogram AHQB : therefore the two triangles DKC, 
AKB ue together one half of the whole parallelogram ABCD. HenCB 
the two triangles DKC, AKR are equal to the triangle ABD : take &om 
these equalfl the equal parts which are common, therefore the triangle 
CKF is equal to the triangles AHK, KBD .- wherefore also taking AHK 
from these equals, then the difference of the triangles CKF, AHK i> 
equal to the triangle KBC : and the doubles of these are equal, or th* 
difference of the paiailelogitms CFKG, AHKE ia equal to twice tha 
triangle KBD. 

127, First prore that the perimeter of a square is less than the peri- 
-leter of an equal rectangle: next, that the perimeter of the rectangle ii 
IfiSB than the perimeter of any other equal parol! elogrom. 

12S, This may be proved by shewing that the area of the isoacelea 
triangle is greater than the area of any other triangle which has the sama 
yertical angle, and the sum of the sides containing that angle ia equal t« 
the sum of the equal sides of the isosceles triangle. 

139. Let ABC be an isosceles triangle (fig. Euc. t. 42), AE perpen- 
dicular to the base BC, and ABCQ the equivalent rectangle. Then AO 
Is greater than AE, &c. 

130. Let the diagonal AC bisect the quadrilateral figure ABCD. 
lisect AC in E, join BE, ED, and prove BE, ED in the same straight 

line and equal to one another. 

131. Apply Euc. I. 15. 
133. Apply Euc. I. 20. 

133. This may be shewn by Euo. t. 30. 

1 34. Let AB be the longest and CD the shorteat tide of the rectangular 
figure. Produce AD, BC to meet in E, llien by Euc. i. 32. 

135. Let ABCD be the quadrilateral figure, and E, F, two points in 
the opposite sides Aii, CD, join EF and bisect it in G ; and through 
G draw a straight Ime HOK ternriinated by the aides AD, BC ; and 
bisected in the point O. Then EF, HK are the diagonals of the required 
parallelogram. 

136. After constructing the figure, the proof offers no difficulty. 

137. If any line be assumed as a diagonal, if the four given linei 
taken two and two be always greater than this diagonal, a four-sided 
" .re may be constructed having the asaumedlinc as one of its diagonala.: 

it maybe ahEwn that when the qnadrilateral is possible, the sum 

oferery three given sides is greater than the fourth. 

. ISS. Draw the two diagonals, then four ttiangles are formed, two on 

tmeside of each diagonal. Then two of the linea dta-wtiftdQi^xVLe-^inlB 

mmriaectioa of two aides may be proved parallel to Dim ditt^Qnii.ftniwa 
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to the other diagonal, in Ihe same nay as Theo. 97, lupia. The 
is ronnifcsl from the relation of the arena of Ihe IrianglM 
n through the bisections of the sides, 
to suggest, that trisnglea on equal bases, and of 
il altitudes, ace equal. 

'" Li-t the side AB be parallel to CD, Rcd let AB be bisected in E 

) in F. and let £F be drawn. Join AF, BF, then Euc. i. ilB. 

Let BCED be a trapezium of which DC, BE uie the dingonala 

ersecting each other in G. If the triangle DBG be equal to the triangle 

"^ ■'-esideDE mnj be proTed parallel to the side SC, by Euc. i. 3S. 

LetABCB be the quadrilateral figure hnTing the Bidea AB, 

illel to one aa. ther, and AD. BC equal, I'hraugh B draw BE 

to AD, then ABED la a pHraUelogram 

and join £F and produce it to meet the aides AD, BC in U and H. 
TJttough H draw LHK parallel to DA meeting DC in L and AB pro- 
' dUeedinK. Then BK is half the difference of DC and AB. 

144. (1) Reduce the trnpeiium ABCD to a triangle BAE by Prob. 
106, supiH, and bisect the triuufjlc BAE by a line AF from the Teitez. 
If F fall without BC, through F diaw Fti parallel to AC or D£, and 
join AG. 

Or thus. Draw the diagonals AC, BD ; bisect BD in E, and join AR, 
BC. Draw FEG parallel to AG the other diagonal, meeting AD in F, 
and DC in G. AG being joined, bisf " ''-- ' ' — 



(2) Let E be the given point in the side AD, JoinEB. Bisect the 

inadrilaleral EBCD by EF. Make the triangle EFG equal to the tri- - 

angle EAB, on the sHme side of EF as the triangle AB. Bisect the tri- 



angle EFG by EH. EU bisects tl 

H6. If a Etroight tine be drawn from the given point through thein- 
tersecban of the diagonals and meeting the opposite side of the square j 
the problem is then reducedtothebisectionDfatrapeziumfay aline drawn 
from one of its angles. 

146. If the fuur aides of the figure be of different lengths, the truth of 
the theorem may be shewn. If, however, two adjacent sidcsof the figure 
be equal to one another, aa also the other two, the lines drawn from the 
angles to the bisection of the longer diagonal, will be found to divide the 
traperiuiQ into four triangles which are equal in area to one another. 
Buc. 1. 36. 

147. Apply Euc. I. 47, observing that the shortest aide is one half 
of the longest. 

148. Find by Euc. i. 47, a line the square on which shall be seven 
times the square (in the ^iven line. Then the triangle wliich has these 
ITo lines containing the right angle shall be the triangle required, 

146. Apply Euc. I. 47. 

IGO. l«l the base BC be bisected in D, and DE be drawn perpendicu- 
krto tbehvputenuseAC. Join AD : then Euc. i. 47. 

Ifil. Cunetruct the figure, and the truth is obvious from Euc. 1.17. 

162. See Theo. 32. p. ;6. and apply Euc. i. 47, 

153. Draw the lines required and apply Euc. t. 47. 

164, Apply Euc. i. 47. 

1S£. Apply Euc. i. 47. 

156. Apply Euc. i. 47, observing the,t tlie wfimt lanw^NnffiSfc^si'si. 
titoes Ihe iquare on half the line. 
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157, A,pply Buo. I. 47. to exprees the squarea of tho three aides !a 
enns of the tiqucirGa on the ;perpendicuUra and on the qeements of AB, ' 
log. Uir Sue. I. 47. beiLring in mind that the square described on. u 
line is four timea the square deaoiibed upon half the line. 

159, The former part is at once mimifeat by Euc. t. t7. Let the di^ 
gonalfl of the square be drawn, and the given point be Buppooedtocoincida 
with the interBection of the diagonals, ihe minimum iaobvioua. find.'*' 
valne in terms of the side. 

160. (a) This ia obvious from Euo. 1. 13, 
i) Apply Euc. 1. 32, 29. 

c) Apply Euc. 1, 6, 29. 

d) Let AL meet the base BC in F, and let the perpendiculsn be 

. , K. Tneet BC produced in M and N respectively ; then the triuijUc 

APB, FMB maybe proved to be equalin all respects, asalso APC, CKS. 

(e) Let fall DQ perpendicular on FB produced. Then the triangto 

5QB may be pToved equal to each of the triangles AllC, DBF ; w*- ' 

he triangle DBF ia equal to the triangle ABC. 

FerhRps however the better method is ta prove at once that the tii> 
ngles ABC, FBD ace equal, by shewing that they have two sides eqtu 
a each triitmilc, and the included ajiglea, one the supplement of theoUin 

(/) If DQ be drawn pcrpeniiieular on FB produced, FQ may ^^-t^ 
proved to be bisected in the point B, and DQ equal to AC. Then th^ 
square on FD ia found by the rif>ht- angled triangle FQD. Similarly, tha 
square on KB U found, and the sum of the squares on FD, EK, GH willtM) 
found to be six times the square on the hypotenuae. 

(a) Through A draw PAQ parallel to BC and meeting DB, EO 
produced in P, Q. Then by the right angled liiangles. 

161. Let Buy parallelograms be described on nny two sides Afi, A6 
of a triangle ABC. and the sides parallel to AB, AC he produced to toe^ 
in a point F. Join PA. Then on either side of the base BC, let a poral* 
lelogram be described having two sides equal and parallel to AF. Pro 
duceAP and it will divide the parallelogram on BC into two ports le 
spectively equal to the paraUelograms on the aid?a. Euc. i. 35, 36. 

162. Let the equilateral triiingieH ABD, BCE, CAP be deECribed oi 
AB, fiC, CA,theBidesoftbetriaugle ABC having Ihe right angle at A 

Join DC, AK: then the tiiangl«B DBC, ABE are equal. Next dra« 
DO perpendicular to AB and join CO : tl.tx the triaiigles BDO, DAO; 
DOC are equal to one another. Also draw AH, EK perpendioular to 
BCj thetriHUKles EKH, EKA are equal. ^Vhence may be shewn Ui^ 
the triangle AUD ia equal to the triangle BHE, and in a similar way m ~ 
be shewn that CAF is equal to CHE. 

The restrlctian is uimeuessary : it only brings AI>, AM into the su 
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if Oa llie 8iun of the squares on the two parts of any line it leaal 
llten tlie two parts are equal. 

10. A Una may be found tlie square on which is double the square 
.O the given line. The prohlpin is then reduced to : — haying given the 

I hypotenuse and the sum of the aides of a right-angled triangle, con- 
stiuct the triangle. 

1 1. This follows from Euc. ii. 6, Cor. 

12. This problem is, in other wordx, Qiven the snm of two lines nai 
the sum of their squares, to find the lines. Let ATI be the given straight 
line, at B draw BU at light angles to AB, bisect the angle ABC by BD. 
On AB take AE equal, to the side of the given square, and with center A 
and radius A£ describe a circle cutting BD in B, £-om D drew UF per-- 
pendicular to AB. the line AB is divided in F an was required. 

13. Let AB be the gi^en line. Produce AB to C making EC equal 
10 three times the square on AB. From BA eut off BD equal to BC j 
iben U is the point of section such that the squares on AB and BD are 
double of the square on AD. 

14. In the lig. Euc. it. 7. Join BF, and draw FL perpendicular on 
GD. Halt the rectangle DB, BG, may ho proved equal to the rectangle 
AB, BC. 

Or, join KA, CD. KD, CK. Then CK is perpendicular to BD. And 
the triangles CBD, KBD are each equal to the triangle ABK. Hence, 
twice the triangle ABK is equal to the figure CBKD ; but twice the 
triangle ABK is equal to the rectangle AB, BC ; and the figure CBKD 
i* equal lo half the rectangle DB and CK, the diagonals of the squares 
m AB. BC. %Vherefore, &c. 

15. The diSerence between the two unequal parts nmy be shewn to 
b* equal to twice the line between the pointe of section. 

16. This pioposLtion is only anotlier form of stating Euc. ii. 7- 

ir. In the figure, 'llieo. 7. p. 69, draw PQ, PR, PS perpendiculars on 
AB, AD, AC resjieotiTclj : then since the triangta PAC is equal to the 
two triangles PAB, PAD, it follows that the rectangle coutained by 
PS, AC, is equal to the tum of the rectangles Pft, AB, and PR, AD. 
When is the rectangle PS, AC equal to the differetict of the other twq 
leeiangles f 

18. Through E draw EG parallel to AB, and through F. draw FIIK 
paisllel'to BC and cutting EG in H. Then the area of the rectangle is 
made up ot the areas of four triangles ; wheiiec it may be readily shewn 
that iKict the area of the trUngle AFE, and the figure AQHK ia equal to 
the area ABCD. 



19. Apply Euc. u. 11. 

20. The vertical angles i 



ingles at L may be proved to be equal, and each of 
them 3 light angle. 

ai. Apply Euc. II. 4, 11. 1, 47- 

22. Produce FG, DB to meet in L, and draw the other diagonal 
LHC, which passes through U, because the complements AG, BK. are 
equal. ThenXE may be shewn to be equal to Ft, and to Dd. 

28. The common interRcction of the three lines divides each into two 
OBrtSi one of jphith is double of the other, and this point is the vertex of 
tbiee triangles which have lines dra«-n ftom. it to the bisection of the 
boBM, Apply Euc. u. \i, I'd. 

94. Apply Theotijm 3, p. 104, and Euc. i, 47, 

2S. This will be found to be that paiiicolfti cbke iA'?.-a]tt,-w.-Vt..'>c«- 
which the distanca of the obtuse angle ftom foe SooX. olftua -y'c^™*^'''^***- 
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Paley^s Evidences of Christianity, and the Horaa Pau- 

lin», with Notes, an Analysis, and a Selection of Questions from the 
Senate-House and College Examination Papers ; designed for the use 
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" By a ffrace of the Senate of the University of Cambridj^e, it was decreed last year, 
that the Holy Scriptures and the Evidences of Christianity should assume a more 
important place than formerly in the * Previous Examination.' The object of the pre- 
sent publication is to furnish the academical student with an edition of Paley's Evi- 
dences of Christianity, suited to the requirements of the examination as amended. 
The editor has judiciously added the * Horae Faulime' as forming one of the most 
imi)ortant branches of the auxiliary evidences. He has added many valuable notes 
in illustration and amplification of Paley's argument, and prefixed an excellent 
analysis or abstract of the whole work, which will be of great service in fixing the 
points of this masterly argument on the mind of the reader. Mr Potts' is the most 
complete and useful edition yet ]}VLb]ished." —Eclectic Revieto. 

** As an edition of Paley's text, the book has all the excellence which might be ex- 
pected from a production of the Cambridge University Press, under the care of so com- 
petent an editor ; but we do not hesitate to aver that Mr Potts has doubled the value 
of the work by his highly important Preface, in which a clear and impressive picture 
is drawn of the present unsettled state of opinion as to the very foundations of our 
faith^ and the increased necessity for the old science of ' Evidences' is well expounded 
by his masterly analyses of Paley's two works— by his excellent notes, which consist 
chiefly of the full text of the passages cited by Paley, and of extracts from the best 
modern writers on the * Evidences^' illustrative or corrective of Paley's statements, — 
and by the Examination Papers, in which the thoughtful student will find many a 
suggestion of the greatest importance. We feel that this ouglit to be henceforth the 
standard edition of the 'Evidences' and * Horae.' "—BifiZicaiiJmew. 
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**Mrs Potts' volume deserves to be recommended to persons of taste, and would 
prove a most acceptable Christmas offering, either to the youthful, or to those more 
advanced in years." — Court Journal. 
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pieces of Mrs Hemans ; and her * Sketches of Character,' of the best portraits of 
Cowper. No one can read these sketches without having the finest sympathies 
aroused, and good resolutions strengthened." — Literary Gazette. 

" She chiefly aims at developing the proper sphere of her sex by pointing out the 
duties of women under the vanous circumstances in which they are placed ; shewing 
the importance of patience and forbearance, truthfulness and constancy, and a 
reliance upon the practical influence of religion. These topics are urged in various 
forms with clearness and simplicity."— BenfW'f Migcellany. 

John W. Parker and Son, West Strand, London. 
The Gospel revealed to , Job : or Patriarchal Faith 

and Practice illustrated, in Thirty Lectures on the Principal Pas- 
sages of the Book of Job; with Explanatory, Illustrative, and 
Cntical Notes, by Charles Augustus Hulbebt, .M.A., of Sidney 
Sussex College, Cambridge ; late Tyrwhitt Hebrew Scholar and Crosse 
Theological Scholar of the University, Perpetual Curate of Slaithwaite- 
cum-Lingards, near Huddersfield. Dedicated, by Permission, to the 
Right Hon. William, Earl of Dartmouth, LL.D., F.R.S., F.A.S., &c. 

In One Volume, 8vo., Price 12*. 

The desi^ of the " Gospel revealed to Job'* is to exhibit the leading doctrines 
and duties of Evangelical Religion, as deducible from the Book of Job, in thirty 
plain and practical I^tures, so as to be useful to families and private Christians. 
At the same time to embodjr the results of a Critical Examination of the Hebrew 
Text, and the Study of Ancient and Modem Translators, Interpreters and Fara- 
phrasts ; so far as the same have a doctrinal or moral bearing, in the form of Notes 
and Addenda, for the benefit of the Theological Student. 

London: Longmans. Cambridge: MacmillaHs. 
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